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Abstract

Modern high-performance computing systems are organized as distributed collections

of heterogeneous computing elements connected by hierarchical networks. Extract-

ing the peak performance from these machines requires programmers to navigate a

deep software stack that spans programming an individual accelerator to orchestrat-

ing communication and synchronization across a cluster. Mastering this multi-level

software stack is challenging for computing experts, and almost impossible for the

domain scientists that need to use these high-performance computing systems to ad-

vance their research.

Abstraction of low-level details and composition of independent modules are the

standard tools for controlling software complexity. While effective in the world of

sequential programming, composable distributed and accelerated software is rarely

found. Most independently written distributed software cannot be composed without

myriad correctness issues. Once correctness has been established, composition is

often at odds with achieving the best performance; significant performance is lost at

module boundaries, either through the cross-module coordination itself or the missed

optimizations across modules.

This thesis describes the Legate library ecosystem and runtime system. The

Legate library ecosystem is a collection of high-level libraries that mimic the standard

interfaces of libraries like NumPy and SciPy while scaling to clusters of accelerators

while seamlessly composing. The Legate runtime system is a multi-level runtime

system that introduces several technologies to support the correct and efficient com-

position of independently written Legate libraries. The Legate runtime introduces

analyses and program representations to support the efficient composition of both
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distributed data and distributed computation. These analyses are performed dynam-

ically, and thus can incur overheads that impede scalability and absolute performance;

Legate also introduces techniques to control these overheads as they arise in the com-

position of independent modules.

Lastly, this thesis describes the experience of developing a Legate library using

the abstractions exposed by the Legate runtime system. In particular, we describe

the development of Legate Sparse, a distributed drop-in replacement for the SciPy

Sparse library, enabling the automatic scaling and acceleration of idiomatic sparse

applications developed in Python. We show how Legate’s abstractions enable both

abstraction and composability, and free the developer from the responsibility of rea-

soning how the library is used within the context of a larger application.

Altogether, this thesis describes the architecture and analyses required to develop

composable software that achieves high performance on distributed and accelerated

computing systems.
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Chapter 1

Introduction

Modern high-performance computing systems have continued to deliver increasing

performance year-over-year, offering more compute as well as additional memory ca-

pacity and bandwidth. However, these gains in performance have come with rapid

increases in complexity, where the development of high-performance software on these

systems is becoming increasingly challenging. This complexity arises from increas-

ing heterogeneity and hierarchy in these systems. Heterogeneity in modern systems

arises from the collection of processors available on individual compute nodes, which

contain multiple specialized accelerators like GPUs in addition to a general-purpose

multi-core CPU. These heterogeneous compute nodes are organized into distributed

machines with hierarchical networks for communication, where links of different la-

tencies and bandwidths connect processors within a node, between nodes in a rack,

and across racks. Achieving high performance on these distributed and accelerated

systems is a full-stack problem, requiring fast kernels that run on the individual com-

puting elements, efficient orchestration software that coordinates these kernels while

moving data across the machine, and algorithms that expose sufficient parallelism

and minimize communication.

While high-performance machines are increasing in complexity, enabling devel-

opers to program them productively is a critical challenge with immediate impact

on scientific progress. High-performance computing is critical to workloads across

computational science (including physics, chemistry, biology and climate science),

1



CHAPTER 1. INTRODUCTION 2

Figure 1.1: Comparison of high-performance machines from the 2010’s and now.
Include a figure here comparing a machine like BlueGene/Q to a B200 SuperPOD

machine learning and data analytics. Leveraging the performance improvements mod-

ern machines offer can enable scientists to run larger or higher resolution simulations,

train larger machine learning models, or analyze more data collected by physical sens-

ing devices. However, the increasing complexity of programming modern machines

directly blocks the forwards progression of science. Most experts in scientific domains

are not additionally experts in high-performance parallel computing, meaning that

leveraging a modern high-performance system is either extremely challenging or even

impossible.

In this thesis, I describe how to control the complexity of programming modern

high-performance machines through the development of composable software that

enables end users to develop programs built from separate high-level, domain-specific

libraries that execute in conjunction with the performance of a low-level, highly-tuned

implementation. The artifacts of this thesis is the Legate ecosystem of libraries that

provide friendly interfaces to scientists, like NumPy [26] and SciPy [52], and the

Legate runtime system that enables the efficient execution of Legate programs.

1.1 Software Composition

The tried and true approach to managing complexity in computer science is through

abstraction. Computer scientists hide complex reasoning and implementation details

behind simple interfaces that expose functionality to other software components. All
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Figure 1.2: Python Library Ecosystem

of modern software engineering is based upon these principles of abstraction: correct

modules are composed to produce new correct modules. Composition enables large

software ecosystems to thrive, such as the large data processing and scientific com-

puting library ecosystems in Python (Figure 1.2). Domain scientists develop sophis-

ticated applications by mixing-and-match components from these library ecosystems,

leaving the implementation details to computer science experts.

1.1.1 Composition is (Often) Not Performance Preserving

While these large ecosystems exist and enable the development of sophisticated soft-

ware in the sequential programming world, the composition of performant, indepen-

dent modules often does not yield the same performance as a bespoke implementation

tuned for a specific purpose. These performance differences can arise from a variety

of sources. In some cases, these differences can arise from inefficient use of hardware

features like a tiered memory hierarchy when composing programs from high-level

interfaces such as found in NumPy [7, 39]. The difference in performance can even

be asymptotic [31], as additional domain knowledge about the end-to-end application

may enable optimizations beyond what is possible in the purview of an individually

optimized module. Performance degradation at module boundaries may be accept-

able on small machines, and developers often pay this price to develop prototype

programs more quickly.
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1.1.2 Composition of Distributed and Accelerated Software

While composition preserves correctness and sometimes sacrifices performance in the

sequential programming world, neither property is maintained by the current status

quo of distributed and accelerated software. Concretely, most independently written

modules of distributed and accelerated software are often not even correct under

composition, and if correctness is achieved, the end-to-end performance is often far

from what is achieved by a hand-tuned implementation. These effects make it difficult

for large library ecosystems that mirror those found in the sequential programming

world to exist for distributed and accelerated machines, which in turn, makes it

difficult to develop new applications for these systems.

Correctness

Standard distributed and accelerated software built through bulk-synchronous, message-

passing interfaces like MPI place the burden of managing correctness during com-

position onto the programmer performing the composition. For example, consider

the interface to a distributed matrix-matrix multiplication operation within the dis-

tributed linear algebra library ScaLAPACK [16], shown in Figure 1.3. The interface

accepts a variety of information about the operand distributed matrices, including

the backing pointers for the locally held data by each process involved in the opera-

tion, as well as descriptors that inform ScaLAPACK about how each sub-component

relates to the globally distributed sparse matrix. While the interface is sensible, it

exposes several unsavory aspects around correctness when it is when composed into

a larger application. First, the descriptors understood by ScaLAPACK expect a cer-

tain subset of data distributions of the underlying matrices (1-D or 2-D block-cyclic

distributions); users must be able to either correctly describe their distributed data

coming from another source in this manner, or are responsible for coordinating to

transform their data into the distributed orientation required by ScaLAPACK. Doing

this transformation correctly is a burden on the user, who then also must transform

the distributed data back into whatever distributed orientation is required by down-

stream operations. Second, by speaking in raw pointers, the user is subject to race
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1 void pdgemm(
2 // Transpose information.
3 char *transa , char *transb ,
4 // Global matrix sizes.
5 int *m, int *n, int *k,
6 double *alpha ,
7 // Locally -stored matrix A information.
8 double *a, int *ia, int *ja,
9 // Distribution descriptor for A.

10 int *desca ,
11 // Locally -stored matrix B information.
12 double *b, int *ib , int *jb,
13 // Distribution descriptor for B.
14 int *descb ,
15 double *beta ,
16 // Locally -stored matrix C information.
17 double *c, int *ic , int *jc,
18 // Distribution descriptor for C.
19 int *descc
20 );

(a) ScaLAPACK PDGEMM API. (b) Sample Data Distribution

Figure 1.3: Example of ScaLAPACK distributed matrix-multiplication interface.

conditions due to potential concurrent interactions in the larger application: other

components of the application may be concurrently reading from or writing to the

operand matrices, or other communication that will populate the matrices has not

yet completed. These concurrent interactions can increase in complexity when ap-

plications utilize asynchronous accelerators like GPUs, which operate on detached

streams of control from the CPU and networking operations.

Performance

Moving beyond correctness in the composition of independent modules in distributed

and accelerated programs, achieving high performance from the composition of in-

dividually optimized components is challenging. Unlike when running on small ma-

chines or developing prototypes, achieving high performance on distributed and ac-

celerated machines is critical. These machines are expensive and a limited resource;

they must be fully utilized to justify their use and to avoid wasting resources.

Many critical optimizations in a large distributed and accelerated application span

decisions made across different logical components of the program, and discordant de-

cisions in these components can result in significant performance penalties. Some of

these decisions are optimizations of their own, while others are choices that interplay
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between correctness and performance. I now discuss some of these performance oppor-

tunities lost at module boundaries in distributed and accelerated software, grouped by

opportunities around having a coherent parallelism strategy and opportunities when

efficiently coordinating logically separate application components.

When independently written modules are optimized, the developers make deci-

sions about a parallelization strategy. When these strategies are chosen without

knowledge of the larger application context that a module is used within, a locally

optimal strategy can become globally sub-optimal. Consider the parallelization strat-

egy described earlier used by ScaLAPACK, which accepted 2-D distributions of dense

matrices. If this module is composed with a separate module that independently de-

cides it requires 1-D distributions of matrices, a significant cost is paid shuffling data

around the system between these distributions. This cost is completely unnecessary

if later computations could be rewritten or reformulated to accept the 2-D distri-

bution as is. Alternatively, consider a module that prefers using CPUs instead of

GPUs for a particular computation — in the context of a larger application that

keeps data resident on the GPUs, a locally slower GPU execution would avoid the

costs of moving data before and after a CPU implementation of the module. Finally,

a bespoke implementation may fuse the compute kernels of logically independent ap-

plication components to better utilize processor memory hierarchies, but a modular

application with separate implementations forgoes this optimization.

The composition of these independent modules then can lead to inefficient han-

dling of the application at module boundaries, which often arises from the lack of in-

formation exposed by and the flexibility of individual modules. For example, consider

again the ScaLAPACK matrix-multiplication implementation: if this implementation

launched work onto asynchronous accelerators, the user may be responsible to ensure

that other modules only read the results when the accelerators complete, and often in-

sert overzealous synchronization to ensure application correctness. Finally, well-tuned

distributed and accelerated applications heavily overlap compute and communication

to find available work and keep machine resources busy at all times. In existing

distributed software, finding and exploiting these opportunities for overlap between

and across independent modules is the responsibility of the developer, and difficult to
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realize without breaking down the abstractions provided by the modules themselves.

The goal of this thesis is to support the correct and efficient composition of inde-

pendent software on distributed and accelerated machines. We focus on the compo-

sition of high-level, collection-based libraries like NumPy and SciPy which form the

basis of the very popular scientific computing ecosystem in Python. Scientific and

data analysis workloads developed in these systems have plentiful dynamic behavior,

including dynamic control flow and data-dependent behavior, which render them in-

compatible to the advances in machine learning infrastructure [20, 40] that support

domain scientists at scale on distributed and accelerated machines.

1.2 Dissertation Overview

To demonstrate the correct and efficient composition of independent software on

distributed and heterogeneous machines, we have developed the Legate ecosystem of

composable distributed libraries, and the Legate runtime system, which contains the

technical pieces that enable the composition of Legate libraries. Chapter 2 begins

by providing an overview of both the Legate library ecosystem and Legate runtime

system, and enumerates the many components of the deep Legate technical stack.

The remainder of the thesis walks through this stack of technology and discusses the

key ideas that enable efficient and correct composition of Legate libraries. Chapter 3

discusses analysis and data representations within the Legate runtime system that

enable the efficient sharing of distributed data across independent modules. Chapter 4

discusses program analysis and program representation that fuses computations across

independent Legate libraries. Chapter 5 and Chapter 6 focus on different components

of controlling the overheads that various layers of the Legate runtime system impose

to enable efficient composition. Chapter 7 describes the processing of building a

Legate library (Legate Sparse [59]) using the abstractions provided by the Legate

runtime system. Finally, we describe related work in Chapter 8 and draw conclusions

in Chapter 9.
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1.3 Collaborators and Publications

This thesis discusses ideas that were the focus of several publications [57–60]. Work

in this thesis was done in collaboration with Michael Bauer, Wonchan Lee, Manolis

Papadakis, Shiv Sundram, Melih Elibol, Taylor Lee-Patti, Sean Treichler, Joseph Gu-

man, David Broman, Michael Garland, Fredrik Kjolstad and Alexander Aiken. Many

of the experimental results were achieved by building on the production-grade Legate

implementation developed by the Legion, Legate and Realm teams at NVIDIA.



Chapter 2

Legate Overview

In this chapter, I give an overview of the Legate library ecosystem and Legate runtime

system. I discuss the many different components involved in the Legate technical

stack, as well as describing the different program representations used by each layer.

These representations and the transformations between them are discussed in detail

in later chapters.

2.1 Legate Library Ecosystem

The Legate library ecosystem is a collection of high-level distributed libraries that

act as drop-in, distributed replacements to popular Python libraries in the scientific

computing, data analytics and machine learning ecosystems. An explicit goal for

libraries within the Legate ecosystem is composition; Legate libraries should correctly

and efficiently compose just like their sequential counterparts. An overview diagram

of the Legate ecosystem is shown in Figure 2.1. Legate libraries are developed on top

of the Legate runtime system, which then enables their efficient composition as well as

scaling from machines containing a single GPU to multi-node multi-GPU machines.

The Legate ecosystem has expanded far beyond the original prototype research li-

braries, and now has a team of engineers at NVIDIA that maintains existing libraries,

develops new libraries, and engages with customers to help them utilize Legate. While

I personally contributed to the development of a subset of these Legate libraries,

9
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Figure 2.1: Figure here of the many legate libraries, the legate runtime system itself
(as a single blob), then dispatching to many different kinds of machines.

others were developed by independent groups aiming to scale their own workloads.

The first Legate library was cuPyNumeric [11] (originally Legate NumPy), devel-

oped by Mike Bauer, and is a drop-in replacement for NumPy. I developed Legate

Sparse [59], a distributed implementation of SciPy Sparse, that acts a companion

to the distributed dense array programming provided by cuPyNumeric. All of the

Legate application results presented later in this thesis contain programs built from

cuPyNumeric and Legate Sparse.

Beyond dense and sparse array programming, NVIDIA engineers have developed

Legate libraries that focus on the data analytics and machine learning domains.

Legate Dataframe [43] provides a Pandas-like interface to performing distributed

dataframe and relational operations. Legate RAFT [44] provides computational

primitives and algorithms for machine learning and information retrieval. Legate

Boost [42] delivers a distributed implementation of gradient boosting for training

machine learning classifiers. Legate IO [37] provides distributed file I/O support

from scientific file formats like HDF5. Finally, Legate STL [22] is a lower-level C++

library that uses Legate to provide distributed implementations of C++ iterator-style

collection operations.
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Figure 2.2: Figure here of the multiple layers of the Legate runtime system stack.

2.2 Legate Runtime

Legate libraries are developed on top of abstractions provided by the Legate runtime

system, which enables Legate libraries to compose efficiently and scale to large ma-

chines. The multiple layers of the Legate runtime system are shown in Figure 2.2;

these layers consist of the Legate front-end, Legion [15], and Realm [48]. The con-

tributions of this thesis will span techniques across each of these runtime system

layers.

At a high-level, the Legate runtime system exposes a task-based programming

model with a strong data model, visualized in Figure 2.3. Legate’s data model ex-

poses distributed data as stores, which are multi-dimensional arrays. Libraries like

Legate Sparse map distributed data structures onto collections of stores. Compu-

tations are defined through tasks, which are user-defined functions that operate on

(subsets of) stores. Tasks may perform arbitrary computation on their argument

stores, such as launch kernels onto GPUs. The different layers of the Legate runtime

system perform analysis and lower these abstractions onto a physical execution of

tasks and data movement across the target machine. Legate’s task-based program-

ming model undergoes several lowering steps from the user program before executing

on the machine, as shown in Figure 2.4.

The Legate front-end exposes a programming model that is implicitly-parallel,

scale-free, and implicitly partitioned. Concretely, this means that programmers ex-

press computations in a sequential manner (logically, a single thread of control issues

tasks into Legate), and Legate is responsible for extracting parallelism from this
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Figure 2.3: Figure about a little bit of the data model in Legate.

stream of tasks. Legate automatically partitions stores across the machine based

on constraints that tasks declare on the stores they access (implicitly partitioned),

and task descriptions do not specify concrete parallelization strategies (such as how

many GPUs a task should be partitioned across). The flexibility exposed by the

Legate front-end representation allows the Legate runtime system to make key deci-

sions around data partitioning and parallelization that are coherent across multiple

distributed libraries, which is critical for performance. These analyses are discussed

further in Chapter 3.

The Legate front-end program representation is then lowered into a second in-

termediate representation (referred to as the Legate middle-end) that is implicitly-

parallel, but is explicitly partitioned with symbolic scale. In this representation, tasks

are associated with concrete partitions of stores to be accessed, and parallelization

strategies have been assigned by Legate; the parallelization and partitioning strategies

are represented in a compact manner, discussed more in Chapter 4. This representa-

tion enables the composition of computation across different distributed libraries, in

particular the fusion of operations across library boundaries.

The Legate middle-end program representation is then dynamically translated

into a Legion [15] program. Legion is an implicitly-parallel task-based representation

with explicit partitioning and explicit scale. Legion performs dynamic analysis to

extract parallelism from a sequential input stream of tasks from Legate. Legion

determines what tasks are safe to execute in parallel and inserts dependencies between

tasks based on the stores each task accesses. In addition to inserting dependencies
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Figure 2.4: Figure about the different IR stages.

between tasks, Legion also inserts the data movement operations required to maintain

coherence between stores as they are accessed by tasks running on different processors

on different nodes. The exact mechanisms used by Legion to perform this dependence

analysis is out of scope of this thesis and explored in prior work [12, 15]. However,

this thesis contributes a component to Legion’s analysis that enables these analysis

to be performed efficiently in the context of a Legate program manipulating multiple

independent libraries (Chapter 5).

Finally, as the result of dependence analysis, Legion generates task-based pro-

grams that target the Realm [48] runtime system. Realm is an explicitly-parallel,

explicitly-partitioned task-based programming model with explicit scale, providing

higher-level systems with a high-degree of control over how programs execute across

a distributed and accelerated machine. Realm is the final layer of this software stack

that is responsible for actually executing computations on target processors, perform-

ing the desired data movement, and ensuring that dependencies specified by higher

layers of the system are respected. As with Legion, much of Realm is prior work [48]

and developed by others. This thesis contributes an analysis and compilation strat-

egy for Realm programs that dramatically lowers the overheads of executing Realm

programs, which improves their absolute efficiency and strong scaling, bubbling up

into future improvements for the whole Legate stack (Chapter 6).

rohany: There should be a paragraph here about how the the combination of

these intermediate representations allow independent libraries to launch implicitly

parallel tasks into the system, while the system weaves together all of these tasks while
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Figure 2.5: Figure about how independent components from separate libraries are
glued together by the legate runtime.

performing separate analyses, finally turning the result into a completed computation

graph that is scheduled to run on the target machine by Realm.

The remainder of this thesis discusses these individual layers of the Legate soft-

ware stack in depth, but in the context of how the choices of representation and

analysis enable composition of different performance critical components of high-

performance applications. Chapter 3 discusses how representation and analysis in

the Legate front-end and Legion enable independent modules to share distributed

data efficiently. Chapter 4 discusses how the representation of the Legate middle-

end enables fusion optimizations that efficiently compose distributed computations

across modules. Finally, Chapter 5 and Chapter 6 discuss optimizations that con-

trol the overheads imposed by the dynamic analysis at various layers of this analysis

stack; controlling these overheads enables strong and weak scaling comparable to

hand-optimized implementations.



Chapter 3

Composing Distributed Data

This chapter discusses program representations and dynamic analysis within both the

Legate front-end and Legion runtime system that enable distributed data structures

to be effectively shared across multiple independently-written distributed libraries.

We first focus on the Legate front-end, and introduce Legate’s developer-facing pro-

gramming model, which leverages a constraint-based representation and analysis to

co-partition distributed data across multiple libraries. We then move into compo-

nents of the Legion runtime system that support the the correct usage of distributed

data across library boundaries, as well as the sharing of physical data allocations.

3.1 Legate Front-End

As discussed in Chapter 2, the Legate front-end programming model is implicitly-

parallel, scale-free, and implicitly-partitioned. The Legate front-end exposes a data

model as well as a computational model to describe distributed programs; we describe

each in turn. A formal grammar containing the full front-end language (describing

both components of the model) is shown in Figure 3.1, and is described in more detail

in Sections 3.1.1 and 3.1.2.

15



CHAPTER 3. COMPOSING DISTRIBUTED DATA 16

Syntax

Unique ID id
Shape s ::= (Z, . . .)

Store S ::= Store(id, s)
Partition Constraint C ::= equal(S, S) | broadcast(S,Z list) | image(S, S) | . . .

Privilege Pr ::= Read | Write | Reduce | Read-Write
Task T ::= Task((S, Pr) list, C list)

Program P ::= T stream

Figure 3.1: Legate front-end program representation.

3.1.1 Data Model

Distributed data is represented in Legate through stores, which are multi-dimensional

arrays. As shown in Figure 3.1, each store has an (internal) unique identifier and a

multi-dimensional shape. Libraries like cuPyNumeric directly represent NumPy’s ar-

rays as stores, while libraries like Legate Sparse use collections of stores to represent

distributed sparse matrices. Notably, concrete partitions of distributed data are ab-

sent from the data model; the language does not directly support the construction

of the subsets of a store that might be needed on each processor for a distributed

computation. Instead, the language provides partitioning constraints that instead

describe a set of potential possible concrete partitioning choices. This construct is

discussed in signficant detail in Section 3.1.3, and is a critical design choice to enable

composing distributed data. The production implementation of the Legate front-end

additionally contains operations that perform logical shape transformations on stores,

such as shifting indices, or changing the dimensionality of the store. These transfor-

mations are necessary for a fully functional implementation, but we elide discussion

of them in this thesis.
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3.1.2 Computational Model

Distributed computation is represented in Legate through tasks, which are user-

defined functions. Tasks explictly declare the stores that they will access, and addi-

tionally declare how they will access a store through privilege annotations. In addition

to privilege annotations on argument stores, tasks also describe a list of partition-

ing constraints over the argument stores. These partitioning constraints describe

assumptions inside the implementation of the task that require specific partitioning

relationships between the task’s store arguments.

The representation of a complete program in the Legate front-end is a stream of

tasks issued to the system by the application (possibly from independent libraries).

The Legate front-end is implicitly-parallel, as the application issues a sequential

stream of tasks, and Legate is responsible for extracting parallelism from this stream

while satisfying the semantics of the sequential program. The representation is also

implicitly-partitioned, as only partitioning constraints are provided over stores (dis-

cussed in Section 3.1.3), and Legate is responsible for choosing the concrete manner

in which stores are partitioned across the target distributed machine for different

operations. Finally, the representation is scale-free, as no constructs in the language

are tied to the size of the physical machine; Legate can freely choose over how many

processors to distribute a computation over, and the size of this representation does

not scale with the size of the target machine.

3.1.3 Co-Partitioning Distributed Data

The previous discussions of the Legate front-end’s models for distributed data and

computation emphasized the freedom for the Legate runtime to make decisions about

how data and computation are partitioned and distributed across the machine. To

understand the importance of this freedom, we first describe the current state of

developing distributed software.
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Figure 3.2: Figure here about adding elementwise matrices.

The Problems With Explicit Partitioning

Nearly all distributed libraries that we are aware of are explicitly-partitioned, meaning

that the choice of how distributed data is partitioned across the target machine is

uniquely specified in the target program. Explicit partitioning is separate from the un-

derlying class of programming model, such as bulk-synchronous (MPI) or task-based

(Legion); any explicitly-partitioned model is susceptible to challenges that inhibit

efficient composition. Because the choice of how distributed data is partitioned is

explicitly embedded in the source program, these decisions are made at the time at

which a distributed library is developed, rather than when the library is used. These

decisions can be locally optimal within the context of an individual distributed li-

brary, but suboptimal in the larger context of the application that the library is used

within.



CHAPTER 3. COMPOSING DISTRIBUTED DATA 19

To make this composition problem concrete, consider the case of build a dis-

tributed NumPy library (like cuPyNumeric), and implementing the element-wise ad-

dition operation on two distributed arrays, as shown in Figure 3.2. An explicitly-

partitioned system must commit to an arbitrary choice of data partitioning strategy

For example, an MPI library would maintain each array in a particular partition

across each rank, or a Legion library would maintain an internal LogicalPartition

object of a particular structure to use for each array. Suppose the arbitrary parti-

tioning choice was to maintain a 2-D tiling of each array. Problems arise when this

hypothetical library is used in a larger application that first invokes a computation

from different library on the same distributed data before invoking the elementwise

addition operation. If the previous library independently chose a different partitioning

strategy for the same distributed data, then either the user or the underlying runtime

system is responsible to shuffle data between the two orientations of the distributed

data. However, element-wise addition does not require a specific partitioning, and

any partitioning strategy that aligns the partitions of the input and output arrays is

sufficient for correctness. In this case, the resulting shuffles of distributed data cause

a large amount of unnecessary data movement, and a significant cost to performance.

Implicit Partitioning With Constraints

Instead of forcing libraries to commit to partitioning strategies at library definition

time, Legate’s front-end representation uses a constraint-based parallelism strategy

to enable the late-binding of partitioning decisions to the context within which a li-

brary is used. As discussed in Section 3.1.1, task definitions in the Legate front-end

representation declare partitioning constraints over their input stores, instead of con-

crete partitions. The Legate runtime system then solves this system of constraints

at program execution time to discover store partitions that align with how the stores

are already partitioned within the context of the larger application. This enables dis-

tributed data to be reused in place whenever possible, and allows for reasoning about

implementations of tasks within libraries and individual functions to be independent

of the surrounding context. A visualization of the constraint-based scheme is shown

in Figure 3.4.



CHAPTER 3. COMPOSING DISTRIBUTED DATA 20

Figure 3.3: Figure here about adding elementwise matrices mismatch in a larger
application.
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Figure 3.4: Figure here about adding elementwise matrices, but this time using con-
straints.
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Constraints. The syntax presented in Figure 3.1 desribes three kinds of partition-

ing constraints, which are sufficient to describe non-trivial partitioning strategies. As

discussed prior, the full partitioning implementation with the production implementa-

tion of Legate contains more partitioning constraints along with shape manipulation

operations, but these are not necessary to discuss the technical core of the work. The

equal(S1, S2) constraint captures partition equality between two stores, requiring the

same partition choice to be made across both stores S1 and S2. The broadcast(S, I)

constraint requires the dimensions in I (an integer list) to not be partitioned in a

valid partitioning of S, allowing for partial replication of data. The final constraint

is image(S,D), which relates the partitions of two stores through dynamically val-

ued indirections. Intuitively, an image relationship between two stores projects a

partition of the source store through the indirection values within the source, which

contain pointers into the destination store. More formally, let a partition P be a

mapping from a set of colors to a subsets of indices within a store, and let the el-

ements of S be sets of indices in D. Then the image(S,D) constraint requires the

partitions PS and PD of S and D, respectively, to satisfy the following relationship:

∀c ∈ PS,∀i ∈ PS[c], S[i] ⊆ PD[c]. The image partitioning operation itself was intro-

duced in prior work [50], and is useful to support a wide variety of data-dependent

partitioning patterns that occur in sparse matrix processing [56, 59, 61] and simula-

tion [5, 23,50].

As discussed previously, tasks declare a set of partitioning constraints upon their

argument stores, and allow the Legate runtime system to solve the system of con-

straints into a concrete set of partitions. The more flexibility the application devel-

oper provides, i.e. declaring a partitioning constraint set with the largest possible

number of solutions, the more options the Legate runtime system has to satisfy the

constraints while minimizing the data movement at task boundaries. In-depth exam-

ples of using partitioning constraints are described in Chapter 7, where I describe the

implementation of Legate Sparse using the Legate front-end.

Solving. The Legate runtime system solves systems of partitioning constraints

through a dynamic program analysis, as tasks are issued by the application into
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the runtime system. As the analysis is dynamic (and on the critical path of task

launching), we favor speed of resolution over global optimality in the choice of so-

lution. The Legate runtime system maintains as metadata with each store a key

partition, which refers to the last partition that a store was written to over. The key

partition represents an approximation of the current orientation of a store as it is

distributed across the target machine; it is only an approximation because read-only

operations over different partitions may have left additional copies of the store in

other orientations across the target machine. The constraint resolution strategy uses

these key partitions as anchors to avoid unnecessary movement of distributed data.

The constraint solver analyzes the partitioning constraints (which form a graph) to

identify the independent and dependent partitions. Independent partitions can be ar-

bitrarily chosen by the solver, while dependent partitions are computed from indepen-

dent partitions. For example, in the set of constraints {image(S1, S2), equal(S2, S3)},
the partition of S1 an independent constraint while the partitions of S2 and S3 are

dependent. For each store S that can be independently partitioned, the solver exam-

ines if the existing key partition of S satisfies all constraints over S. If so, the key

partition of S can be reused and all dependent partitions can be recomputed. Other-

wise, the solver selects an arbitrary new partition for S that satisfies the considered

constraints. A small visual example of constraint resolution is shown in Figure 3.5.

The independent partitions may also form a co-partitioned set, such as the par-

tition constraint set {equal(S1, S2), equal(S2, S3)}. In this case, a partition must be

chosen for all of S1, S2 and S3 independently from other stores, but must be the same.

In this case, the solver selects a key partition to use (if one exists) from the three

stores that minimize the total amount of data movement.

More aggressive constraint solving strategies are possible, such as solution strate-

gies discussed by Lee et al. [34] that solve for partitions over an entire graph of tasks

at once. Investigating such approaches in the context of iterative Legate computa-

tions is interesting future work. However, we do not currently have non-contrived

applications where more global partitioning strategies are required.



CHAPTER 3. COMPOSING DISTRIBUTED DATA 24

Figure 3.5: Figure that shows constraint resolution.

3.2 Legion

In the previous section, I discussed the Legate front-end’s program representation,

which used implicit scale and implicit partitioning to avoid unnecessary data move-

ment caused by incoherent partitioning decisions made by independent libraries. The

Legate front-end representation is critical in enabling independent libraries to com-

pose with high performance. I now skip the Legate middle-end representation (dis-

cussed in Chapter 4) to focus on the Legion layer of the runtime stack, which enables

both the correct and efficient composition of independent distributed libraries. This

thesis does not focus on the internals or implementation of Legion, which are detailed

in prior work [10, 13–15]. Instead, this thesis focuses on the abstractions exposed by

Legion, and how those abstractions are used to enable the efficient composition of

Legate programs.
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Syntax

Unique ID id
Point p ::= (Z, . . .)
Rect r ::= [p, p]

Store S ::= Store(id, r)
Partition P ::= map(p, p set)

Privilege Pr ::= Read | Write | Reduce | Read-Write
Task T ::= Task(p set, (S, Pr, P ) list)

Program P ::= T stream

Figure 3.6: Legion program representation.

3.2.1 Legion Program Representation

As discussed in Chapter 2, Legion exposes an implicitly-parallel task-based program-

ming model with explicit partitioning and explicit scale. Figure 3.6 presents a gram-

mar that describes a simplified version of the Legion programming model. The struc-

ture of the Legion programming model is similar to the Legate front-end, as both

layers represent programs as streams of tasks operating over stores. However, the

differences arise in the representation of parallelism in computation and data.

Legion represents partitions as explicit sets of subsets of stores1. Partitions are

represented as maps from a set of colors (points in a multi-dimensional index space)

to a set of multi-dimensional points that represent a subset of a store. These parti-

tions can be viewed as the output of the partitioning constraint solver in ??, though

in reality they go through an additional lowering process before conversion into Le-

gion partitions (??). These subsets may be arbitrary, allowing for disjoint/aliased

and complete/incomplete partitions. Scale is also represented explicitly in Legion.

Each task in the program representation actually refers to a group of point tasks, one

point task for each point in the argument set. The data each point task accesses

is described by the point’s index into the corresponding partition of each argument

store. Despite this lower-level program representation (where decisions about scale

1Stores are referred to as regions in Legion-only publications.
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Figure 3.7: Figure that is the Legion composition example.

and data partitioning are concrete), parallelism is still implicit; Legion is responsi-

ble for extracting parallelism from tasks in the stream while maintaining sequential

semantics between tasks in the stream.

3.2.2 Composition Through Implicit Parallelism

Legion’s implicitly-parallel program representation and sequential semantics offer crit-

ical capabilities for correct and efficient composition of independent libraries, and

logically isolates the development of these libraries. To extract parallelism from an

implicitly-parallel, distributed program while maintaining sequential semantics, Le-

gion is responsible for identifying and enforcing dependencies between all tasks a

newly launched task, and inserting communication to ensure the data a task views is

the most up-to-date version of the data.

By performing these two analyses, Legion acts as the ”glue” between independent

Legate libraries. As shown in Figure 3.7, Legate libraries issue tasks independently

of each other, only declaring the stores they access and how they are accessed. The
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Legate front-end selects partitions of stores for these tasks, but thanks to Legion, can

focus only on the policy aspect of partitioning constraint resolution. The Legate front-

end can select arbitrary choices of partitions to minimize data movement, and Legion

is responsible for actually inserting the necessary data movement and synchronization

(possibly across library boundaries) that result from those partitioning choices. Ad-

ditionally, Legion can exploit parallelism available between libraries by finding pieces

of independent work between libraries and running them concurrently, or overlapping

the communication required to prepare data for one library with independent com-

putation from a separate library. These optimizations are key pieces of tuned HPC

applications that run efficiently on modern supercomputers; these applications utilize

every available resource at all times to avoid exposing bottlenecks.

The kind of efficient composition enabled by Legion’s implicit representation of

parallelism and communication is difficult to achieve in explicitly-parallel program-

ming models that commit to communication and synchronization with only the local

program view. Since an explicitly-parallel library must describe at program develop-

ment time the synchronization and communication patterns, these libraries are unable

to adapt to the larger context a library is used in. For example, an MPI-based library

that internally synchronizes after message passing would be unable to automatically

overlap independent work from an unrelated library, or might send more data than

necessary if the desired data was already available on the current node.

3.2.3 Sharing Physical Data With Composable Mapping

Independent Legate libraries describe computations over distributed data through

tasks operating on stores. The Legate runtime system is responsible for actually exe-

cuting these tasks on concrete processors and placing the partitioned pieces of stores

into concrete memories for tasks to access. This process is called mapping within the

Legion ecosystem; Legion exposes this functionality through mapper objects, which

the Legion runtime system interacts with to answer policy decisions around where

tasks should run and stores should be placed. The Legate runtime system as a whole

implements and registers a mapper with Legion. Some policy decisions are exposed to
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individual libraries (for example, Legate libraries may request tasks to run on certain

kinds of processors), but others are coordinated across library boundaries through

shared mapping infrastructure provided by Legate. Concretely, the Legate runtime

controls the exact processors that tasks are mapped to, as well as the mapping of

stores to physical allocations in concrete memories in the machine. Centralized con-

trol over the exact processors used by tasks avoids thrashing of data between different

processors assigned to process the same partitions of data.

The more difficult aspect of composing mapping decisions across libraries is the

mapping of stores to memories on the machine. The key challenge involved in map-

ping stores is how to share allocations of distributed and partitioned data between

libraries. Because interactions betwen libraries are unknown until chosen by the par-

titioning constraint solver, the partitions of stores and the aliasing patterns of those

partitions are also not known until program execution. To minimize data movement

and memory usage, the mapping strategy must reuse and resize physical allocations

across individual operations and library boundaries.

Legate maintains a record of all store allocations made on each node, and reuses

physical allocations across as many tasks as possible. However, reusing allocations

that exactly match the extents of a store is not sufficient to achieve good performance,

as tasks from different libraries may use multiple views of the same underlying store.

As an example, consider a stencil computation, where a task reads from multiple tiles

offset around a center tile. An efficient mapping for this computation would coalesce

all offset tiles with the center tile into a single, larger allocation, reducing the total

amount of memory and increasing cache locality.

To efficiently map multiple partitioned pieces of a store into a single allocation,

Legate employs a coalescing step before allocating. When selecting an allocation for a

store, Legate examines the existing allocations for other partitions of the same store.

If another store’s partition has an intersection with the partition being allocated, then

Legate may merge the two views of the data into a single, larger allocation with enough

space for both views of the store. We use a heuristic to drive coalescing decisions,

where store partitions are coalesced if the size of their overlapping components is

sufficiently larger than their non-overlapping components.
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A = sparse.random(…)
x = np.random(…)
for _ in range(…):
    x = A @ x
    x /= norm(x)
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Figure 3.8: Execution of sample Legate program, with control flowing between Legate
Sparse and cuPyNumeric. Turn RA (region allocation) into SA (store allocation)

3.2.4 Execution Example

Figure 3.8 visualizes the execution of a Legate program that combines operations

from cuPyNumeric (vector norm and division) and Legate Sparse (sparse matrix-

vector multiplication) on a two GPU machine. An efficient implementation of this

main loop with global knowledge only performs one element halo exchanges of the x

vector between GPUs, and no other data movement. This figure demonstrates how

the design of the Legate runtime system enables the efficient sharing of partitions

and physical allocations of distributed data across library boundaries to achieve this

property in the resulting composed software.

The left part of Figure 3.8 contains the source program along with an example

sparse matrix A and the stores used to represent it (see Chapter 7 for more details

about distributed sparse matrices and their layouts). The right part of the figure

is the execution; the top half depicts partitioning and launching of tasks in Legate,

while the bottom half shows the Legion-level execution on the physical machine. In

the right part of the figure, each store entry is labeled with the coordinate of the
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entry, rather than the data value at that entry. Throughout the figure, we refer to

the versions of the vector x at each iteration i of the main loop with xi. For example,

the initial vector x is denoted x0, and the resulting x after the first x = A @ x

operation is denoted as x1.

We first discuss the top half of the figure, which shows how stores are partitioned

for distributed execution. Legate Sparse’s representation of sparse matrices and con-

straints used to partition them (discussed in Chapter 7) relate the pos, crd and vals

stores with the input and output vectors. Legate solves the constraints to construct

partitions (identified with blue and red colors) of each store on the first iteration, and

creates a tiled key partition of x1 and an aliased partition of x0, based on the data

dependent coordinates needed in the sparse matrix. Control flows to cuPyNumeric

for the norm and division operations (which we treat as a single operation for illustra-

tion purposes). These are elementwise operations without partitioning constraints,

so Legate reuses the key partitions created during the solving of Legate Sparse’s con-

straints for cuPyNumeric. These partitioning choices are then reused for all future

iterations of the main loop.

We now shift to the bottom half of Figure 3.8, which depicts the execution with

Legion, and the mapping of logical operations onto physical resources. For all tasks

launched, the Legate Sparse and cuPyNumeric mapping policies assign tasks and

stores to each GPU and the corresponding GPU memory. The key to peak perfor-

mance in this program is the Legate mapper’s choice of allocations for each store.

In the first iteration, Legate creates allocations for each store (denoted with “SA”)

that correspond to the exact bounds of each store requested by each library’s tasks.

The choices made in the second iteration of the program stress the importance of the

compositional-awareness of Legate’s mapping strategy. When mapping the second

SpMV operation, the mapper chooses new allocations (SA5 and SA6) for each piece

of x1, resizing the allocations SA1 and SA3 to account for the larger slice of x1

required by each SpMV task. Resizing SA1 and SA3 requires a full copy of x1, and

a single element halo-copy between GPUs. Next, Legate sees that the store backing

x0 can be deleted, and chooses to reuse the allocations SA2 and SA4 by coalescing

them with the requested partition of x2. Since the allocations have been coalesced,
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the SpMV tasks only operate on a slice of the allocation, and similarly with the norm

and division tasks. The elements outside of these tasks’ slices are denoted by a faded

color. At the start of the third iteration, the application hits a steady state where the

existing allocations are large enough to re-use without additional resizing, causing

only the single-element halo-copy to occur. Without the mapper’s coalescing step,

the full vector copy executed in the first iteration would be executed in each iteration,

resulting in a significant loss of performance.

This example demonstrates how the use of constraint-based parallelization enables

logically isolated implementations of operations to compose, and how information can

be shared during mapping to extract efficient communication patterns.

3.3 Results

The presented strategy and Legate runtime system subset (focusing on composing

distributed data efficiently) is sufficient to implement non-trivial applications that

achieve good performance and scale to large machines. Chronologically, the Legate

Sparse publication [59] was first, and contained the presented core techniques to build

independent libraries that efficiently share distributed data. I will discuss the initial

applications developed using a combination of Legate Sparse and cuPyNumeric and

evaluated on the (now decommissioned) Summit supercomputer. I will show that the

presented techniques for composing distributed data enable complex applications to

be built from independent components, while still achieving performance competitive

with hand-tuned systems.

Each Summit node has a 40 core dual socket IBM Power9. Each socket has three

NVIDIA Volta V100s connected by NVLink 2.0, for a total of six GPUs per node.

Each node is connected by an Infiniband EDR interconnect.

Our initial evaluation of Legate consists of Python applications developed using

a combination of SciPy Sparse and NumPy, and range from twenty-five to nearly a

thousand lines of code. We measure Legate’s performance running in both CPU-only

and GPU-only settings, allowing us to compare against systems that only support

CPUs or GPUs. On a single node, we compare against the standard implementations
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of SciPy and NumPy for CPUs, and CuPy for GPUs. CuPy provides a drop-in

replacement for the SciPy and NumPy APIs, but can only utilize a single GPU.

On multiple nodes, we compare (when a hand-tuned baseline exists) against the

industry-standard PETSc sparse linear algebra library, which supports both CPUs

and GPUs. PETSc provides a C API with high-level linear algebra operations similar

to SciPy, but requires users to both specify low-level details about partitioning and

distribution and hand-write many distributed NumPy-like array computations. For

all experiments, we collect 12 runs of data points, drop the fastest and slowest runs,

and then average the results of the remaining 10 runs.

Weak Scaling

In this section, we evaluate the weak-scaling performance of Legate, emulating a

usage where users increase the size of their machine to scale to larger data sets. For

all benchmarks but the quantum simulation, we compare the performance between

one socket of CPUs and the three GPUs connected to that socket. However, we

start the weak-scaling at one GPU to compare performance with CuPy. We plot

throughput on a log-log plot due to the order-of-magnitude difference in performance

between various systems.

CG Solver. We implemented a conjugate-gradient iterative linear solver for a 2-

D Poisson problem, with the results displayed in Figure 3.9. As with the previous

experiment, we compare both modes of Legate to the same code run in SciPy and

CuPy, and a comparable implementation in PETSc. Legate’s CPU mode outperforms

SciPy due to being multi-threaded. Legate and PETSc achieve nearly perfect weak

scaling on CPUs, with PETSc slightly outperforming Legate, as Legion reserves some

CPU resources for runtime work. On GPUs, CuPy, Legate and PETSc have similar

performance on a single GPU, with Legate achieving 85% percent of the performance

of PETSc. PETSc and Legate then weak-scale from a single GPU, where PETSc

achieves nearly perfect weak scaling, starting to fall off slightly at 192 GPUs. Legate

also scales well, but experiences some performance drop-off at 32 nodes due to the

fast GPU kernels exposing overheads in Legion’s all-reduce implementation2, causing

2The Legion developers are aware of this issue, and plan to address it in the future.
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Figure 3.9: Weak-scaling of a Conjugate Gradient solver.

the dot-product communication in the CG solve to affect Legate’s performance at a

smaller processor count than PETSc. At 192 GPUs, Legate achieves 65% percent of

PETSc’s performance.

Multi-grid Solver. We implement a two-level geometric multi-grid conjugate gra-

dient solver, which uses the injection restriction operator and a weighted Jacobi

smoother3. Multi-grid methods are known to be relatively challenging to implement

correctly and efficiently on distributed machines — our implementation is 300 lines

of Python. We do not have a distributed reference implementation, so we compare

Legate’s CPU mode to SciPy, Legate’s GPU mode to CuPy, and then weak-scale

to larger machines. Figure 3.10 contains the weak-scaling results for the geometric

multi-grid solver. As with prior experiments, Legate’s CPU version significantly out-

performs SciPy and has good weak-scaling to 64 sockets. On a single GPU, CuPy

is 30% faster than Legate’s GPU version. This performance difference is caused by

3This benchmark was inspired by, but is not directly comparable to HPCG [27].
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Figure 3.10: Weak-scaling of a Geometric Multi-Grid solver.

overheads in the Legate library due to its Python implementation. During the V-

cycle of the multi-grid method, the application launches several tasks small enough

to expose overheads in Legate’s task launching and metadata management. Legate’s

GPU version starts off weak-scaling well, but has kernels that run fast enough to ex-

pose overheads in Legion, which have been fixed since the original collection of these

results. Benchmark results later in this thesis (in Chapter 4) show significantly im-

proved strong scaling of the GMG code. Despite the imperfect weak scaling, Legate

is able to execute the Python multi-grid solver on accelerated hardware much faster

and on larger problem sizes than SciPy.

Quantum Simulation. We develop a Legate quantum simulation of Rydberg atom

arrays. The simulation can be used to solve Maximum Independent Set (MIS) prob-

lems, as pioneered by the group of Mikhail D. Lukin and QuEra Computing [24]. Like

previous implementations [41], we significantly reduce the memory footprint of the
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Figure 3.11: Weak-scaling of a Runge-Kutta integration-based Quantum Simulation.

simulation by including only states that are allowed by the Rydberg blockade mech-

anism [36]. Likewise, the interactions between states are rather sparse, as they only

permit transition between states in adjacent excitation manifolds and otherwise iden-

tical excitation structure. Competing quantum dynamics, namely the energy terms

stemming from laser detuning of the system, are inherently sparse due to their diag-

onal action. Nevertheless, the exponential growth of the quantum state space is only

partially stymied by exploiting inherent problem structure, so the simulation remains

memory hungry. This application was developed in Python without any expectation

that it would be eventually executed in a distributed fashion; the algorithms used in

the simulation could be tuned to achieve more scalable performance. We aimed to

maximize scale of the Python application as-is, and were able to achieve the exact

simulation of the full wave function of up to 50 qubits at time-scales consistent with

deep circuits or high entanglement.
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The core computational component of this benchmark is an 8th-order Runge-

Kutta integration. using the “DOP853” method, which we ported from directly from

the implementation in SciPy. Despite being written with no expectation of distributed

execution, Legate is able to efficiently parallelize and distribute this program, leverag-

ing the efficient composition enabled by sharing distributed data across Legate Sparse

and cuPyNumeric.

Similarly to the GMG benchmark, we compare against SciPy and CuPy. Due

to the nature of the application, we were unable to exert fine-grained control over

the input size: we could only approximately double the problem size. Therefore,

we utilize 4 of the 6 GPUs on each Summit node for this benchmark to directly

compare weak-scaling performance between CPUs and GPUs. We stress that Legate

can successfully utilize all 6 GPUs per node for standard runs of the simulation.

The weak-scaling results are found in Figure 3.11. As with prior experiments,

Legate significantly outperforms the standard implementation of SciPy. On a single

GPU, CuPy achieves a 40% speedup over Legate, for a similar reason as the GMG

benchmark — several small tasks launched in the integration expose overheads in

Legate. The simulation experiences a loss in weak-scaling efficiency as the number of

processors increases. This fall-off is expected due to the communication pattern of the

application: the sparse matrices that describe the atomic relationships have a very

high bandwidth (the coordinates in a row reference a wide range of columns). Our

profiling shows that the algorithms used by the application require every processor

to exchange tens to hundreds of megabytes of data with at least half of the other

processors in the system, almost an all-to-all communication pattern.

At 1 to 4 GPUs, Legate’s GPU version significantly outperforms the CPU version,

due to utilizing the higher-bandwidth NVLink. Once inter-node communication over

Infiniband is required after 4 GPUs, the GPU version has similar performance as

the CPU version, even dropping below the CPU performance at 16 GPUs. This

drop is due to the ratio of communication to effective bandwidth available between

each experiment: at 16 GPUs, Legate’s GPU version is utilizing 4 nodes of network

hardware, while Legate’s 16-socket CPU version is using 8 nodes to exchange the same

amount of data, thus having double the network bandwidth available to communicate
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through. Finally, the large halo regions present in the application result in imperfect

weak scaling of the memory usage per processor, causing Legate’s 64 GPU version to

run out of memory.

3.3.1 Conclusion

Some sort of synthesis of this work and connection to the other pieces of the thesis.



Chapter 4

Composing Distributed

Computation

The previous chapter presented the Legate front-end program representation and

Legate’s use of the Legion runtime system to allow independent libraries to efficiently

and correctly share distributed data, and skipped the intermediate layer between

the front-end and Legion. This chapter focuses on the program representation and

analysis used within the Legate middle-end that enables the fusion of distributed

computations across function and library boundaries. We show that careful choice

of these representations and placement within the larger Legate architecture enables

a scalable, efficient, and precise fusion analysis. Legate separates the problem of

fusion into task fusion, which determines whether the bodies of tasks can be combined

without communication, and kernel fusion, which fuses the many computational loops

of fused tasks. This analysis allows for Legate to find optimization opportunities

missed by application developers, and allows Legate applications to even exceed the

performance of programs developed in specialized frameworks.

I elided the motivating example section from the asplos paper, but I’m wondering

again if more motivation is necessary here, as i think somewhere we want to get across

that the problem of safely identifying when fusion is possible is really the hard thing,

and it isn’t completely trivial either.

38
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4.1 Legate Middle End

As discussed in Chapter 2, the Legate middle-end program representation is implicitly

parallel (like the Legate front-end and Legion), but is explicitly partitioned with

symbolic scale. In this representation, stores have been assigned concrete partitioning

strategies, and the width of parallelism is represented symbolically. The symbolic

representation means that even though data has been partitioned, the size of the

program representation itself does not scale with the size of the target machine (unlike

in lower-level models like Legion and Realm), enabling a fusion analysis that also is

independent of the scale of the target machine. The Legate middle-end representation

is shown in Figure 4.1a, visualized in Figure 4.1b, and discussed in detail next. The

data and computational abstractions are then lowered onto the corresponding Legion

abstractions after the analyses discussed in ??.

4.1.1 Data Model

Similarly to the Legate front-end and Legion, distributed data is represented as stores.

We refer to the rectangular shape of a store as a domain, which is also used to describe

the decomposition of data and compute across processors. Stores are partitioned

across the target machine into sub-stores, which are the subsets of a store.

Partitions of stores are first-class objects in the Legate middle-end, unlike the

constraint-based representation in the Legate front-end and the set-of-sets represen-

tation in Legion. A partition is a mapping from points in a domain to sub-stores,

where each point in the domain represents a processor. This mapping is represented

in a structured manner, breaking different kinds of mappings into different syntactic

groups. For simplicity of presentation, we consider a limited set of partition kinds,

sufficient to explore Legate’s analyses. The production implementation of Legate

supports more partition kinds with no additional technical insights. The main re-

quirement on partitions is that two partitions of the same kind can be checked for

inequality without examining each sub-store within each partition. This requirement

is critical for a scalable analysis, as discussed in ??.

The first partition kind None represents the replication of a store, where all points
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Syntax

Unique ID id
Point p ::= (Z, . . .)

Store S ::= Store(id, p)
Projection Function F ::= Projection(id,Point→ Point)

Partition P ::= None | Tiling(p, p, F ) | Image(S, S)

Privilege Pr ::= Read |Write |
Reduce | Read-Write

Index Task T ::= IndexTask(p, (S, P, Pr) list)
Task Window W ::= T stream

Constructs for Reasoning

Sub-Store Sp ≜ SubStore(S, P, p)

Point Task T p ≜ PointTask((Sp, P r) list)

(a) Legate’s intermediate representation. make this consistent with the other IR diagrams
in figure 3.

Store Partition

Sub-stores

Data Model Computational Model

Index Task T ( (3,) ),

Domain Store, Partition

Point Tasks T0 (        ) T1 (        ) T2 (        )
Shape (3,3)

(b) Relationships between components of the Legate middle-end representation.

Figure 4.1: Legate’s IR exposes a distributed data model and a model for distributed
computation on distributed data.
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in the partition’s domain are mapped to the entire store. The second partition kind

Tiling represents an n-dimensional affine tiling of a store. A Tiling contains an n-

dimensional tile shape and an offset from the origin, which are used to compute

the sub-store associated with each point in the partition’s domain. For example,

Figure 4.2a shows a tiling of a two-dimensional store using 2x2 tiles over a 2x2 domain,

while Figure 4.2b shows a row-based tiling (i.e., tiles of size 1x4) of the same store

over a 4x1 domain. Figure 4.2c shows a partition of a subset of the store beginning

at the point (1, 1). Tiling partitions also contain a projection function that applies a

transformation to each point in the partition’s domain before computing the subset

with the tile size and offset. Projection functions enable Tiling partitions to express

aliased and replicated data. For example, Figure 4.2d shows a vector tiled over a

two-dimensional domain by a projection function that discards the second dimension

of each point in the partition’s domain, resulting in a partially aliased partition. The

formula that defines the sub-store bounds for each point of a Tiling partition is shown

in Figure 4.2e. The final partition kind is Image, which .... The representations of

None and Tiling partitions are scale-free as the mapping of points to sub-stores is

implicit in the partition, rather than explicitly storing the bounds of each sub-store

in the partition. These partition kinds are the concrete partitions synthesized by the

partitioning constraint resolution process described in Section 3.1.3.

To reason about the sub-store referenced by each point of a partition, we include an

explicit SubStore(S, P, p) construct, representing the sub-store associated with point p

of store S using partition P . As a short-hand, we let S[P, p] = SubStore(S, P, p), and

refer to S as the parent store of S[P, p]. The indices contained within the sub-store

S[P, p] are directly computable in cases when P is None or Tiling, but may depend on

runtime values held by stores in when P is Image. Our later definitions assume that

it is possible to find the intersection between two sub-stores, but our fusion algorithm

in ?? does not require explicit computation of these intersections.
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Domain = (2,2)

Tiling(
  shape=(2,2),
  offset=(0,0), 
  proj=id,
)

(a) 2x2 tiling of a 4x4
store.

Domain = (4,1)

Tiling(
  shape=(1,4),
  offset=(0,0), 
  proj=id,
)

(b) 1x4 tiling of a 4x4
store.

Domain = (2,2)

Tiling(
  shape=(1,1),
  offset=(1,1), 
  proj=id,
)

(c) Offset 1x1 tiling
of a 4x4 store.

Domain = (2,2)

Tiling(
  shape=(2,),
  offset=(0,), 
  proj=fn p -> (p[0],),
)

(d) Aliased blocking
of a size 4 store.

sub-store-bounds(Tiling(shape, offset, proj), p) =

[proj(p) ∗ shape, proj(p+ 1) ∗ shape) + offset

(e) Function that computes a bounding-box within the store that a Tiling partition
maps point p to.

Figure 4.2: Examples of Tiling partitions. Partitions maps points in the denoted
domain to sub-stores. Each color refers to the sub-store associated with a each point
in the domain.
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4.1.2 Computational Model

The Legate middle-end represents programs as a stream of tasks. An IndexTask(d,A)

represents a group of parallel tasks over points in a rectangular domain d, referred to

as the launch domain. Stores are passed to tasks with privilege annotations just like

in other layers of the Legate runtime system, and each parallel task within the group

reads from, writes to, or reduces to the sub-stores referred to by the stores and par-

titions at each point. This representation is explicitly parallel as tasks are annotated

with their launch domain and partitions of distributed data structures. However,

the representation is scale-free as the size of the representation is independent of the

degree of parallelism — only the symbolic size of the launch domain increases.

Similar to sub-stores, Legate’s middle-end IR has a notion of a point task, which is

one point in an index task’s launch domain. Given an index task T = IndexTask(d,A),

let T p be the point task at point p ∈ d, operating on the list of stores [(S[P, p], pr) :

∀ (S, P, pr) ∈ A]. Point tasks operate on the sub-stores corresponding to their index

point.

We define the predicates R(T, (S, P )), W(T, (S, P )) and Rd(T, (S, P )) to be true

when the task T correspondingly reads from, writes to, or reduces to the store S

using partition P . When (S, P ) has the privilege Read-Write, both R(T, (S, P )) and

W(T, (S, P )) are true. We also overload these predicates for point tasks and sub-

stores, where R(T p, S) is true when point task T p reads sub-store S.

4.2 Distributed Task Fusion

rohany: improve the handling of ”index tasks” nomenclature here. Legate leverages

the middle-end representation to fuse distributed computations through task fusion,

when then enables the fusion of computational kernels within the fused tasks (Sec-

tion 4.4) yielding end-to-end speedup through reduced runtime overheads and faster

kernels. Legate buffers the stream of issued tasks into a window of tasks to be ana-

lyzed before submission to Legion. A distributed task fusion algorithm finds a fusible

prefix of tasks in the window, and replaces the prefix with a fused task. To be fusible,
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the prefix of index tasks must be executable in sequence without cross-processor

communication. We define when communication may occur between index tasks and

describe when a sequence of index tasks is fusible. We then give an algorithm for

finding fusible index task sequences.

4.2.1 Dependencies

Communication is required between point tasks that have a dependence. The de-

pendence implies synchronization and potentially data movement between the point

tasks. A dependency exists between two point tasks that access the same data unless

both tasks read from or reduce to the data with the same associate and commutative

operator. Recall that for an index task T , we refer to the point task at point p as T p.

We define dep(T p
1 , T

p′

2 ) to be true if T p′

2 depends on T p
1 .

Definition 1. Given point tasks T p
1 , T

p′

2 where index task T1 is issued before index

task T2, dep(T
p
1 , T

p′

2 ) if ∃ sub-stores S, S ′ with the same parent such that S ∩ S ′ ̸= ∅
and either

true-dep:

W(T p
1 , S) ∧

(
R(T p′

2 , S ′) ∨W(T p′

2 , S ′) ∨ Rd(T p′

2 , S ′)
)

anti-dep:

R(T p
1 , S) ∧

(
W(T p′

2 , S ′) ∨ Rd(T p′

2 , S ′)
)

reduction-dep:

Rd(T p
1 , S) ∧

(
R(T p′

2 , S ′) ∨W(T p′

2 , S ′)
)
.

The dependencies between two index tasks T1 and T2 are defined by the pairwise

dependencies of their point tasks. We capture these dependencies through a mapping

between the points of T1 and T2 that represents all of the point tasks in T2 that

depend on point tasks in T1. Figure 4.3 shows different dependence maps over the

launch domain (4, ).
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(c) D(T1, T2) of writing to, then reading from different partitions.

Figure 4.3: Visualization of dependence maps D(T1, T2).

Definition 2. For two index tasks T1 and T2, the dependence map D(T1, T2) is a

function of type domain(T1)→ P(domain(T2)), where ∀p ∈ domain(T1),D(T1, T2)[p] =

{p′ ∈ domain(T2) : dep(T
p
1 , T

p′

2 )}.

Having characterized the dependencies between two distributed index tasks T1

and T2, we can now define when fusion of T1 and T2 is valid. T1 and T2 may be fused

if the only dependencies that exist between their point tasks are at most point-wise,

as the processor that executes each point task does not need to communicate with

any other processors.

Definition 3. Index tasks T1 and T2 are fusible if ∀p,D(T1, T2)[p] ⊆ {p}.

While Definition 3 admits a simple dependency structure, there are several sub-

tleties in what tasks are fusible and the identification of fusible tasks. First, tasks

with at most point-wise dependencies is a broader set than just tasks that perform

point-wise array operations. Point-wise dependencies allow for simultaneous reads

and writes of different stores (Section 5.1.1) and multiple reductions to the same

store. While task dependencies may be at most point-wise, the computations within
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the tasks are arbitrary computations that may be more complex than point-wise op-

erations. Next, identifying when at most point-wise dependencies exist between two

index tasks is non-trivial as tasks operate on arbitrarily aliasing distributed data.

Legate defines a framework, discussed next, to reason about fusion in this setting,

allowing for fusion to be performed between components within and across libraries.

4.2.2 Fusion Algorithm

A näıve algorithm for fusion might fully materialize D(T1, T2) to check that the condi-

tion in Definition 3 holds. However, the computation required to materialize D(T1, T2)

scales with the number of processors. Even lower-level systems like Legion do not

materialize all of D, but instead leverage sophisticated algorithms to compute only

the portion of D needed by each node [14]. However, a key insight in Legate is that to

perform distributed task fusion effectively, our analysis only needs to rule out cases

where ∃ p,D(T1, T2)[p] ̸⊆ {p}. Legate’s middle-end representation enables this anal-

ysis to be performed irrespective of the scale of the target machine. Our algorithm

for distributed task fusion identifies when index tasks have point-wise dependencies

through greedy application of a set of fusion constraints to identify a fusible prefix of

the task window. We then build a fused task from the identified prefix. We describe

each of these components in turn, and then sketch a correctness proof.

Fusion Constraints.

We define four constraints to identify when communication may occur between dis-

tributed index tasks, i.e., when ∃p,D(T1, T2)[p] ̸⊆ {p}. These fusion constraints are

sound, but not complete—for example, leveraging application knowledge could result

in fusion opportunities that are out of scope. Figure 4.4 presents each of the con-

straints used by Legate by defining when a provided sequence of tasks satisfy the

constraint.

Launch Domain Equivalence. The first constraint checks that the tasks to be

fused have the same launch domain. The partitioning constraint resolution process

may decompose computations across different launch domains, or applications may
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launch-domain-equivalence([T1, . . . , Tn]) =
∀i, domain(Ti) = domain(T1)

true-dependence([T1, . . . , Tn]) =
∀ Ti s.t. W(Ti, (S, P )),
̸ ∃Tj s.t. (R(Tj , (S, P

′)) ∨W(Tj , (S, P
′))) ∧ i < j ∧ P ̸= P ′

anti-dependence([T1, . . . , Tn]) =
∀Ti s.t. R(Ti, (S, P )),
̸ ∃Tj s.t. W(Tj , (S, P

′)) ∧ i < j ∧ P ̸= P ′

reduction([T1, . . . , Tn]) =
∀Ti s.t. Rd(Ti, (S, P )),
̸ ∃Tj s.t. (R(Tj , (S, P

′)) ∨W(Tj , (S, P
′))) ∧ i ̸= j

Figure 4.4: Fusion constraints employed by Legate to identify potential communica-
tion between index tasks.

scope their computation directly to different subsets of the machine, requiring dif-

ferent launch domains. Data movement is generally required between these different

decompositions.

True Dependence. The next constraint utilizes the partitions of stores and the

privileges with which they are accessed to identify communication between index tasks

caused by read-after-write dependencies. The true-dependence constraint checks that

if a task Ti writes to a store S through partition P , then it cannot be followed by

a task Tj that reads or writes to S with an aliasing partition P ′, as Tj requires

communication of the updated values written by Ti. However, operating on the same

partition P is permitted, preserving point-wise dependencies between Ti and Tj.

Our analysis relies on the ability to check whether two partitions alias, which

Legate does through a constant-time equality check between partitions. Constant-

time alias checking is possible through the Legate middle-end representation’s sym-

bolic representation of scale and the syntactic grouping of partitions into structured

kinds. Legate does not need to compute pairwise intersections of the sub-stores

accessed by the point tasks of considered index tasks, a computation that scales

quadratically with the number of processors. Additionally, the alias analysis does

not depend on the structure of the partitions, as the constraints are defined without

knowing the syntactic kinds of each partition. Finally, this aliasing check is not too

coarse, since partitions of different syntactic kinds nearly always alias in practice.
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Anti-Dependence. The anti-dependence constraint ensures thatD does not contain

write-after-read dependencies. The constraint enforces that if a task T reads a store

S, then any tasks that write to S must write to the same distributed view as the read

to be fused with T . Thus, a fused task may read from multiple different distributed

views of a store, but then cannot write to any of the views, as such an operation

would require communication of the written data.

Reduction. The reduction constraint makes sure that viewing a partially reduced

value is not allowed. It does not permit a task that reads from or writes to a store to

be fused with a task performing a reduction to any view of the same store.

Fused Task Construction.

Legate’s fusion algorithm greedily applies the fusion constraints on the input task

window to find its longest fusible prefix. The true-dependence and anti-dependence

constraints are verified through a forwards dataflow analysis on the task window. The

analyses iterate through the candidate prefix of tasks, and track the effects that each

task applies to its argument stores. Once a suitable prefix of the task window has been

identified, Legate builds a fused task that has all store arguments and executes the

same computation as the identified prefix of tasks. The fused task’s store arguments

are constructed by reading all stores read by tasks in the prefix, and similarly for

the written to and reduced to stores. Stores that are both read from and written to

are promoted to the Read-Write privilege. Legate constructs the body of the fused

task by composing the bodies of each task in the prefix in program order—we further

discuss this process in Section 4.4.

4.2.3 Proof of Correctness

We now show that our algorithm correctly fuses sequences of distributed index tasks.

We prove the following statement:

Theorem 1. Given a window of tasks [T1, . . . , Tn], our task fusion algorithm identifies

a prefix [T1, . . . , Tf ] and produces a fused task F such that

1. [T1, . . . , Tf ] are fusible, and
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2. F preserves all dependencies of the task sequence [T1, . . . , Tf ].

We provide a proof sketch for each component of the theorem. To prove that

[T1, . . . , Tf ] are fusible, we must show that for each pair of tasks Ti, Tj, i < j in

[T1, . . . , Tf ], ∀ p, D(Ti, Tj)[p] ⊆ {p}. The launch-domain-equivalence constraint

ensures that the dependence map is between points of the same dimensionality.

For the sake of obtaining a contradiction, suppose ∃ p, p′ such that p ̸= p′ and

depends(T p
i , T

p′

j ). Then one of the three dependencies in Definition 1 must exist.

Suppose that the condition for true-dep is satisfied, meaning that ∃S, P, P ′ such

that S[P, p] ∩ S[P ′, p′] and W(Ti, (S, P )) and one of R(Tj, (S, P
′)), W(Tj, (S, P

′))

or Rd(Tj, (S, P
′) is true. R(Tj, (S, P

′)) or W(Tj, (S, P
′)) are contradictions, as the

true-dependence constraint would disallow fusion. Rd(Tj, (S, P
′)) is a contradiction

due to the reduction constraint. Similar logic can be applied to other dependence

cases. Here, we show that our algorithm is sound by identifying cases where fusion is

possible—we do not claim completeness by proving the converse.

We have shown that all dependencies between index tasks are at most point-

wise, so any T p
j can only depend on T p

i , where i < j. Since the fused task body

is the composition of each task in [T1, . . . , Tf ] in program order, all dependencies in

[T1, . . . , Tf ] are preserved.

4.2.4 Discussion

Performing fusion at the Legate layer between the application and Legion is key for

a domain-agnostic analysis, and for analysis scalability as the size of the machine

increases. We compare against fusion on high-level domain-specific libraries, and

against fusion within lower-level runtime systems like Legion.

Domain-specific algorithms for fusion [2,20,51,55,56] are effective optimizations for

individual distributed libraries. Approaches that perform fusion on a set of domain-

specific computations use algorithms and analyses that are tied to the domain of

computations being optimized, especially analyses related to distributed memory. As

a result, these techniques do not readily generalize across libraries. Legate targets

fusion in the more general case after computations have been decomposed into tasks
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in a domain-specific manner, enabling domain-agnostic analyses to find optimizations

across function and library boundaries. We expect that domain-specific techniques

may be used in conjunction with the Legate’s analysis.

While generality is lost when fusing operations within individual libraries, scala-

bility becomes a concern when analyzing lower-level program representations. A key

design decision in the Legate middle-end representation is its use of symbolic scale,

as the representation of parallel task groups and partitions of distributed data are

independent of the degree of parallelism. This design enables Legate to symbolically

compute a conservative estimate of the aliasing relationships between distributed data

structures through constant-time queries, which are heavily used when defining the

fusion constraints in Figure 4.4. In contrast, Legion’s lower-level representation of

partitions that explicitly maps points to sets of indices scales with the number of

pieces the data is partitioned into. These representations are more flexible than the

Legate middle-end, but result in the aliasing relationship queries needed by a fusion

algorithm to scale with the degree of available parallelism.

4.3 Task Fusion Optimizations

Having described our algorithm for task fusion, we now describe optimizations neces-

sary for a practical implementation. We show how to eliminate temporary distributed

data structures (Section 4.3.1) and how to memoize the fusion analysis (Section 4.3.2).

Temporary elimination and memoization are widely applied optimizations; we discuss

how to perform these optimizations in a distributed, task-based setting.

4.3.1 Temporary Store Elimination

Once Legate identifies a fusible prefix of tasks, stores that fusion has made temporary

may be promoted into task-local data. Conversion of distributed data into task-local

data is critical for realizing the benefits of fusion, as task-local data can then be

optimized away (Section 4.4) to maximize reuse.
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1 import cupynumeric as np
2 x, y = np.zeros(n), np.ones(n)
3 flush_window ()
4 z = 2.0 * x
5 w = y + z
6 v = w ** 2
7 norm = np.linalg.norm(w[len(w)//2:])
8 del x, y, z, w
9 flush_window ()

(a) cuPyNumeric code fragment.

1 # Partitions and launch
2 # domains excluded.
3 ---
4 MULT ([(x, R), (z, W)])
5 ADD([(y, R), (z, R, (w, W)])
6 POW([(w, R), (v, W)])
7 ---
8 NORM ([(w[len(w)//2:], R), (norm , Rd)])

(b) Emitted task stream.

Figure 4.5: Example of distributed temporaries.

To introduce when a store is temporary, consider the cuPyNumeric program in Fig-

ure 4.5a and the resulting task stream in Figure 4.5b. This example introduces some

new operations, specifically flush window, which sends all pending tasks through

Legate’s analysis into Legion, and the Python del operator, which drops references.

The program creates the stores x, y, z, w, and v. Consider the program state after

line 9: the tasks that initialize x and y have executed, as the first flush window call

sent those tasks through Legate. We note that there are no pending tasks outside

the window, and future tasks are ones the application may launch once the call to

flush window returns. The fusion algorithm determines that the tasks issued by

lines 4–6 can be fused, while the final norm must be excluded. First, v is not tempo-

rary because the application holds a reference to it, meaning that it could launch a

task that reads v after the call to flush window(). Next, while the application has

deleted its reference to w, the norm task reads a piece of w and is still pending after

the fused task, and thus must observe any effects performed on w, meaning that w is

not temporary. The stores x and y are only read by the fused task, and thus are not

temporary. Only z is temporary because it is produced entirely within the fused task

and is not visible to the application or pending tasks. We formalize this intuition as

constraints that must be satisfied for a store to be temporary.

Definition 4. Given tasks [T1, . . . , Tf , . . . , Tn], a store S is temporary in the fusion

of [T1, . . . , Tf ] if

1. If ∃ Tj, P s.t. R(Tj, (S, P )), ∃ Ti such that i < j ∧W(Ti, (S, P )) ∧ covers(S, P )

2. ̸ ∃ Tk, P s.t. k > f ∧ R(Tk, (S, P )) ∨ Rd(Tk, (S, P ))
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1 T1([(S1 ,Read),(S2 ,Write)])
2 T2([(S2 ,Read),(S1 ,Write)])
3 T3([(S1 ,Read),(S3 ,Write)])
4 T4([(S3 ,Read),(S1 ,Write)])

1 T1([(S5 ,Read),(S6 ,Write)])
2 T2([(S6 ,Read),(S5 ,Write)])
3 T3([(S5 ,Read),(S7 ,Write)])
4 T4([(S7 ,Read),(S5 ,Write)])

1 T1([(S5 ,Read),(S6 ,Write)])
2 T2([(S6 ,Read),(S5 ,Write)])
3 T3([(S7,Read) ,(S7,Write)])
4 T4([(S7 ,Read),(S5 ,Write)])

(a) Two isomorphic task streams and one differing task stream.

1 T1([(0, Read), (1,Write)])
2 T2([(1, Read), (0,Write)])
3 T3([(1, Read), (2,Write)])
4 T4([(2, Read), (0,Write)])

1 T1([(0,R), (1,W)])
2 T2([(1,R), (0,W)])
3 T3([(2,R), (2,W)])
4 T4([(2,R), (0,W)])

(b) Canonical representations of isomorphic and differing streams.

Figure 4.6: Example of task stream memoization.

3. S has no live application references.

The function covers(S, P ) is true when the partition P contains all points in the

store S. The first two constraints check that the store’s contents are entirely created

within the fused task and not used by any other existing task; these conditions are

checked through a forwards dataflow analysis of the task stream. The third constraint

ensures that the application can no longer view any effects on a store, checked through

a split reference counting scheme on stores in the Legate runtime. The split reference

counting scheme separates references held by the application from references held by

the Legate runtime. Temporary stores are demoted from a distributed allocation into

a task-local allocation, as described in Section 4.4.

4.3.2 Memoization of Fusion Analysis

The final component of our distributed task fusion pipeline is memoization analysis

and code generation (Section 4.4). The key challenge in memoization is allowing for

the analyses to be replayed on isomorphic task streams rather than identical task

streams. Consider the streams of tasks in Figure 4.6a, where partitions and launch

domains are excluded.

Legate may reuse the analysis results from the left stream in Figure 4.6a on the

middle stream, as the pattern of stores among tasks is isomorphic. In contrast,

the right task stream in Figure 4.6a has a different pattern of stores across tasks,
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particularly the use of S7 in T3. We observe that this problem is identical to alpha-

equivalence, where each store argument is a bound variable. We identify when two

task streams are isomorphic within Legate through a conversion to and comparison

on a canonical, De-Brujin index-like representation. This representation is shown

in Figure 4.6b. A similar technique has previously been used to avoid enumerating

instruction sequences equivalent up to register renaming [8].

In the automatic tracing section, need to carefully articulate why a similar analysis

does not work in that setting, and why other machinery is needed.

• here, fusion constraints demarcate fused tasks that need to be memoized. We

don’t have to identify when a fused task might be seen again, or find a good

amount of tasks to fuse when that isn’t specified.

• Isomorphic trace replay is quite difficult to do in Legion due to the lack of

mapping from physical instances in the trace to interactions of physical data

from outside the trace; the trace isomorphism talks about what happens during

the trace but not about what happens outside, making it difficult. Isomorphic

trace replay might be a point solution for Legate (if it could work), but the

automatic tracing system is more general.

4.4 Kernel Fusion

The final component of fusion in the Legate middle-end is a compilation stack to

optimized fused tasks. A high-level program representation is required to both per-

form optimizations like loop fusion and to lower to different backends like GPUs and

multi-threaded CPUs. We leverage the MLIR compiler stack, which is extensible

and is pre-packaged with many common compiler analyses. We first provide back-

ground on MLIR, and then describe the code generation process and optimizations

performed. We then discuss how the Legate architecture enables the separation of

reasoning about distributed programs from the optimization of nested loops.
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1 class Task {
2 // Standard implementation.
3 void gpu_variant(
4 vector <pair <Store , Priv >> args ,
5 );
6 // Opt -in MLIR task body generator.
7 mlir::func:: FuncOp generator(
8 vector <pair <StoreDesc , Priv >> args ,
9 );

10 };

(a) API to define a Legate task amenable to
fusion.

1 func.func @kernel(
2 %a: memref <?xf64 >,
3 %b: memref <?xf64 >,
4 %c: memref <?xf64 >) {
5 %dim = memref.dim %c, 0
6 affine.for %i = 0 to %dim {
7 %0 = affine.load %a[%i]
8 %1 = affine.load %b[%i]
9 %2 = arith.addf %0, %1

10 affine.store %2, %c[%i]
11 }
12 }

(b) MLIR generated for an element-wise ad-
dition.

1 func.func @fused_kernel(
2 %a: memref <?xf64 >,
3 %b: memref <?xf64 >,
4 %c: memref <?xf64 >,
5 %d: memref <?xf64 >,
6 %e: memref <?xf64 >) {
7 %dim = memref.dim %e, 0
8 affine.for %i = 0 to %dim {
9 %0 = affine.load %a[%i]

10 %1 = affine.load %b[%i]
11 %2 = arith.addf %0, %1
12 affine.store %2, %c[%i]
13 }
14 affine.for %i = 0 to %dim {
15 %0 = affine.load %c[%i]
16 %1 = affine.load %d[%i]
17 %2 = arith.addf %0, %1
18 affine.store %2, %e[%i]
19 }
20 }

(c) Initial body of fused task.

1 func.func @fused_kernel(
2 %a: memref <?xf64 >,
3 %b: memref <?xf64 >,
4 %d: memref <?xf64 >,
5 %e: memref <?xf64 >) {
6 %dim = memref.dim %e, 0
7 %c = memref.alloc %dim
8 affine.for %i = 0 to %dim {
9 %0 = affine.load %a[%i]

10 %1 = affine.load %b[%i]
11 %2 = arith.addf %0, %1
12 affine.store %2, %c[%i]
13 }
14 affine.for %i = 0 to %dim {
15 %0 = affine.load %c[%i]
16 %1 = affine.load %d[%i]
17 %2 = arith.addf %0, %1
18 affine.store %2, %e[%i]
19 }
20 }

(d) After temporary elimination.

1 func.func @fused_kernel(
2 %a: memref <?xf64 >,
3 %b: memref <?xf64 >,
4 %d: memref <?xf64 >,
5 %e: memref <?xf64 >) {
6 %dim = memref.dim %e, 0
7 affine.par %i = 0 to %dim {
8 %0 = affine.load %a[%i]
9 %1 = affine.load %b[%i]

10 %2 = arith.addf %0, %1
11 %3 = affine.load %d[%i]
12 %4 = arith.addf %2, %3
13 affine.store %2, %e[%i]
14 }
15 }

(e) Fully optimized fused task.

Figure 4.7: Fused MLIR kernel for three way element-wise addition traversing the
compilation pipeline. The initial kernel is created by sequentially composing two of
the generated task bodies in Figure 4.7b.
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4.4.1 MLIR Background

We leverage MLIR [33] to build a JIT compiler for Legate. MLIR is an extension of

LLVM [32] that provides compiler infrastructure for program analyses on higher-level

languages than three-address code. The most relevant component of this infrastruc-

ture to our work is the notion of a dialect, which is an intermediate representation

that has user-defined semantics. A key aspect of dialects in MLIR is that a single

MLIR program can contain types and operations from multiple dialects, enabling the

composition of dialects with different semantics. Compilers built using the MLIR

framework run passes over programs that either optimize the operations within a

single dialect, or convert between dialects to perform progressive lowering. Legate

leverages community-developed dialects and passes to optimize and lower task bodies

into CPU and GPU code.

4.4.2 Generator Functions

Legate library developers implement tasks by providing task bodies that run on pro-

cessors like CPUs or GPUs. To opt into Legate’s kernel fusion, developers register a

developers register a generator function for the implementation of a task that pro-

duces an MLIR fragment describing the task’s computation. We found the integration

effort of adding these generator functions to be modest, requiring 50–100 lines of C++

code per operation. Only library developers, not end users of Legate, must develop

MLIR kernels for tasks. Additionally, the integration effort was incremental—as more

tasks were implemented with MLIR generators, Legate could exploit more kernel fu-

sion. An example generated MLIR fragment by cuPyNumeric for an element-wise

addition operation is shown in Figure 4.7b.

The generated MLIR fragment in Figure 4.7b contains multiple dialects: 1) stores

are mapped onto the memref dialect, which provides stronger aliasing guarantees

than raw pointers; 2) dense iteration is mapped onto the affine dialect, a target for

polyhedral compilation [18]; and 3) the computation itself is mapped onto the arith

dialect, containing arithmetic operations. Using MLIR, other dialects can be used to

express higher level operations, like dense and sparse tensor algebra with the linalg



CHAPTER 4. COMPOSING DISTRIBUTED COMPUTATION 56

and sparse tensor dialects.

4.4.3 Compilation Pipeline

When Legate identifies that a sequence of tasks may be fused, it invokes each task

generator and constructs an MLIR module containing the body of each task in the

original program order. Figure 4.7c shows a fused task for the cuPyNumeric computa-

tion c = a + b; e = c + d, where all variables represent distributed vectors. This

program originally has two index tasks (one for each add operation) which are fused

into a single index task where the original task bodies (the MLIR in Figure 4.7b)

appear sequentially in the fused task. Before optimization of the task body, Legate

first promotes distributed data into task-local allocations, resulting in Figure 4.7d.

After elimination of temporary stores, we apply passes that fuse and parallelize

nested loops, and remove task-local temporary allocations to yield the optimized

code in Figure 4.7e. The generated kernel is the ideal implementation for the original

program: the separate loops of the original task bodies have been combined into a

single pass over the vectors, and the temporary c has been eliminated. The optimized

kernel is then lowered to GPU kernel launches or OpenMP parallel regions.

In this work, we leverage polyhedral optimizations [18, 19] to perform fusion and

parallelization of loops in kernels. However, with higher level dialects in MLIR,

various domain-specific kernel fusion techniques (see ??) could be leveraged within a

fused task body. We consider the exact kernel fusion techniques used to be orthogonal

to our work. rohany: Somewhere, either here or in the future work, describe the

ecosystem of MLIR dialects that a system like Legate could host to enable plug-and-

play composition across different libraries without even knowing about it, as well as

the potential phase ordering problems that may come from such an approach.

4.4.4 Qualitative Benefits

We note several qualitative benefits of Legate’s architecture in contrast to approaches

that attempt to optimize distributed programs entirely through analysis of impera-

tive code. A key design decision of Legate is to leverage a distributed data model
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in a dynamic representation of computation with symbolic scale to enable cheap

dependence analysis between distributed computations. Separating out the reason-

ing about distributed computation avoids intertwining loop optimizations with dis-

tributed communication analyses, allowing the loop optimizations to remain unaware

of the distributed context. This separation also allows for information gained during

the distributed analysis phase to be used in code generation: properties such as array

non-aliasing are provided to the MLIR optimization passes to generate better code.

Finally, the separation of distributed computation into tasks means that Legate does

not need to identify optimizable fragments of static source code from the larger ap-

plication source. Through the process of building a Legate library, developers extract

the key computational kernels from code that does not need to be considered for

analysis and optimization.

4.5 Experimental Results

We now evaluate the performance that the fusion of computation enabled by the

Legate middle-end representation and analysis over the initial performance achieved

by the data composition techniques in the rest of Legate. We performed these ex-

periments on the (now decomissioned) NVIDIA Selene supercomputer, which is a

cluster of NVIDIA A100 DGX SuperPOD nodes. Each Selene node has 8 A100

GPUs with 80GB of memory, connected by NVLink and NVSwitch connections, and

a dual socket, 128 core AMD 7742 Rome CPU with 2TB of memory. Each node is

connected via an InfiniBand connection through 8 NICs.

For each experiment, we perform a weak-scaling study, and report the throughput

achieved per processor. Each reported value is the result of performing 12 runs, drop-

ping the fastest and slowest runs, and then computing the average of the remaining

10 runs. In the weak-scaling experiments (Section 4.5.1), we exclude a set of warmup

iterations from timing to measure the steady-state performance with and without

fusion by Legate. We separately evaluate the overhead that Legate’s fusion imposes

due to compilation in ??.
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Benchmark
Tasks per
Iteration

Tasks per
Iteration (Fused)

Avg Task
Length (ms)

Window
Size

Black-Scholes 67 1 5.3 70
Jacobi 3 2 5.3 5
CG 12.1 4.1 1.9 10

BiCGSTAB 27.1 8.1 1.7 15
GMG 24.1 11.1 1.8 15
CFD 378 40.7 1.1 30

TorchSWE 276.5 152.8 1.4 30

Figure 4.8: Tasks per iteration with and without fusion. Task count is not always
whole as iterations may launch different tasks, or fusion occurs across iteration bound-
aries. Reported task granularities are from unfused single-GPU executions. Window
size was selected by Legate.

Overview. We evaluate fusion in Legate on unmodified cuPyNumeric and Legate

Sparse applications that range from tens to thousands of lines of Python. An overview

of each application is in Figure 4.8. We compare each application’s performance when

run with and without fusion — no changes to the application are necessary. For some

applications, a suitable baseline written in the industry-standard PETSc [4] library

for distributed sparse linear algebra already exists, and we compare against those

baselines. For other applications, we compare against manually optimized implemen-

tations by the original authors. However, some full cuPyNumeric applications have

no baseline other than when run without name—these applications are sufficiently

complex that developing an independent high-performance distributed, multi-GPU

implementation is not feasible. We show that when fusion opportunities are avail-

able, Legate can exploit them to find speedups in unmodified, distributed applica-

tions. Legate enables high-level programs to equal, and in many cases improve on,

the performance of hand-optimized code.

We do not ablate on the optimizations in Section 4.3, as temporary elimination

is essential for speedup with kernel fusion and memoization is a requirement for a

practical implementation. The window sizes shown in ?? were selected automatically

by the Legate runtime through a process that increases the window size when all

tasks in the current window size were fused. As a result, these window sizes enable

the maximum amount of fusion possible in each application.
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Figure 4.9: Microbenchmark weak scaling (higher is better).

4.5.1 Weak Scaling Experiments

Black-Scholes. The Black-Scholes option pricing benchmark is a trivially-parallel

micro-benchmark that contains a sequence of 67 data-parallel, and thus fusible, op-

erations. It is a micro-benchmark that provides a reference point on potential im-

provement when the entire application is amenable to fusion. ?? shows that Legate

achieves a 10.7x speedup over the unfused program on 128 GPUs, as the fused pro-

gram is a single task containing a single GPU kernel making one pass over the data,

greatly increasing the arithmetic intensity of the computation.

Dense Jacobi Iteration. Unlike Black-Scholes, dense Jacobi iteration has negligi-

ble potential benefit from fusion. Jacobi iteration consists of a dense matrix-vector

multiplication and two fusible vector operations that are negligible in runtime. This

benchmark shows that our analyses do not have a significant negative impact on per-

formance when there is no fusion. Legate achieves 0.93–1.08x of the performance of

the unfused Jacobi iteration in ??, where we believe the slight improvement is due to

experimental variability.

Sparse Krylov Solvers. We evaluate sparse Krylov solvers implemented with cu-

PyNumeric and Legate Sparse, namely Conjugate Gradient (CG) and Bi-Conjugate

Gradient Stabilized (BiCGSTAB). The PETSc benchmark implementations are im-

plemented in MPI+C using PETSc’s API. To perform a controlled comparison against

PETSc, we modify Legate Sparse to perform a similar optimization as PETSc, where
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the non-zero coordinates in each sparse matrix partition are stored as 32-bit integers

instead of 64-bit integers.1 We note that this restriction has been lifted in current

versions of PETSc, but was not fixed at the time these experiments were collected.

The original implementation of CG in Legate Sparse (as presented in Chapter 3)

had been optimized manually to perform many of the optimizations that Legate does

automatically with fusion. As a result, the implementation no longer resembled the

high-level description of CG. We compare against this manually fused implementa-

tion, a naturally written implementation using cuPyNumeric and Legate Sparse, and

PETSc. Figure 4.10a shows that Legate automatically optimizes the naturally writ-

ten CG so that it runs faster than both the manually optimized version and PETSc.

Legate finds additional fusion opportunities by fusing AXPY’s and dot-products from

different iterations.

We implement an unfused version of BiCGSTAB in cuPyNumeric and Legate

Sparse and compare against PETSc. Figure 4.10b shows that Legate accelerates the

high-level implementation of BiCGSTAB to outperform the unfused version by 1.31x

on average (geo-mean) and PETSc by 1.15x on average (geo-mean). PETSc exposes

several fused kernels to users for use in building iterative solvers, but these kernels can

quickly become complicated and esoteric2. In contrast, Legate enables users to write

high-level programs in cuPyNumeric and Legate Sparse and then derives optimized

kernels for efficient execution.

Geometric Multi-Grid Solver (GMG). Moving from smaller benchmarks to full

applications, we apply Legate’s fusion to a Geometric Multi-Grid (GMG) solver de-

veloped in Legate Sparse. The GMG solver is a CG-based iterative solver with a

V-cycling preconditioner, the injection restriction operator, and a weighted Jacobi

smoother. As with the previous benchmarks, using Legate with the more complex

solver required no changes to user-facing code, and results in a 1.2x speedup over

the original implementation, as seen in Figure 4.11a. Additionally, unrelated perfor-

mance challenges within the Legion runtime system were resolved since the original

1PETSc stores coordinates in 32-bit integers even when 64-bit integers are requested at build
time, affecting the performance of the SpMV kernel.

2Such as VecAXPBYPCZ in BiCGSTAB (https://petsc.org/main/manualpages/Vec/
VecAXPBYPCZ/).

https://petsc.org/main/manualpages/Vec/VecAXPBYPCZ/
https://petsc.org/main/manualpages/Vec/VecAXPBYPCZ/
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Figure 4.10: Weak scaling of linear solvers (higher is better).

development of Legate Sparse, yielding better weak scaling than originally presented

in Chapter 3.

Computational Fluid Dynamics (CFD). CFD is a cuPyNumeric application that

solves the Navier-Stokes equations for 2D channel flow [9]. The application performs

element-wise operations on aliasing slices of distributed arrays, exposing opportunities

for fusion. Legate finds between 1.8x–2.3x speedup over the original implementation,

as shown in Figure 4.11b. Legate achieves higher speedup on a single GPU than on

multiple GPUs. On a single GPU, data is not partitioned, enabling longer sequences

of tasks to satisfy fusion constraints. On multiple GPUs, the dependencies caused by

aliasing data reduce the opportunities for fusion.

Shallow Water Equation Solver (TorchSWE). Our final benchmark application is

also our most complex: the cuPyNumeric port of the TorchSWE shallow-water equa-

tion solver [21]. We compare against the original cuPyNumeric port, as well as a ver-

sion that the cuPyNumeric developers manually optimized using numpy.vectorize.

The vectorize utility JIT-compiles a user-defined element-wise operator, doing some

of the optimizations that the Legate middle-end performs automatically. ?? shows the

performance of TorchSWE with Legate compared to these baselines. Legate achieves

a 1.61x speedup on average (geo-mean) over the unfused TorchSWE, and a 1.35x

speedup on average (geo-mean) over the manually vectorized version (labeled with

“Manually Fused” in ??). Since Legate analyzes the entire application, it finds fusion
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Figure 4.11: Weak scaling of full applications (higher is better).

Benchmark Standard (s) Compiled (s) Breakeven Iterations
Black-Scholes 0.38 0.06 N/A

Jacobi 0.53 0.43 N/A
CG 0.67 1.30 99.44

BiCGSTAB 1.26 2.19 80.43
GMG 0.49 1.38 118.75
CFD 5.10 10.89 25.21

TorchSWE 0.97 8.82 43.88

Figure 4.12: Warmup times on 8 GPUs.

opportunities missed by developers optimizing the program by hand.

4.5.2 Compilation Time

We measure the overhead that the Legate middle-end’s compilation imposes on the

overall application runtime. When evaluating our benchmarks, we compute the

throughput after warmup iterations have concluded. To measure the effect of compi-

lation, we measure the warmup time with and without compilation, using the window

sizes reported in ??. We then compute the number of iterations required for the fused

version to be faster than the unfused version of the application when including the

warmup compilation time. The results are shown in Figure 4.12; Legate’s compilation

times are modest, requiring 25–119 iterations to amortize the cost of compilation. The

fused Black-Scholes computation is so much faster than the unfused version that a

single iteration is sufficient to amortize compilation. For Jacobi, compilation time was

overlapped with expensive dense matrix-vector multiply kernel, and thus not exposed
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in the warmup. As seen in Figure 4.9b, due to experimental variation, the fused and

unfused versions of Jacobi are slightly faster or slower than each other on different

GPU counts. These costs are especially reasonable as scientific applications like the

ones we evaluated would be run in production for thousands to millions of iterations.

In the future, a production-grade implementation of task and kernel fusion in Legate

could maintain a cache of compiled kernels on disk, rather than in memory, and pay

the compilation cost only the first time the application is run.

4.5.3 Conclusion

Some sort of synthesis of this work and connection to the other pieces of the thesis.



Chapter 5

Controlling Overheads

(Dependence Analysis)

The previous chapters of this thesis focused on the intermediate layers within the

Legate runtime system that enable the composition of distributed data and compu-

tation across library boundaries. These layers, along with the Legion and Realm

beneath Legate, perform a variety of dynamic analyses to co-partition stores, fuse

computations, perform dependence analysis, and schedule tasks from the source pro-

gram. While these dynamic analyses are critical for the composed programs to achieve

high performance, the cost of performing these dynamic analyses can impact the end-

to-end performance of applications, especially as the task granularity of applications

decreases. Controlling the impact of these overheads, especially in programs com-

posed from independent pieces, is important to yield end-to-end performance at a

variety of target problem sizes. This chapter and Chapter 6 discuss two key tech-

niques in the Legate runtime system to control these overheads. This chapter focuses

on amortizing dynamic analysis overheads caused by parallelism extraction and com-

munication insertion in the Legion runtime system automatically, without user input.

Legion’s analysis is significantly more heavyweight than the corresponding analysis in

Legate, and also can scale with the size of the target machine, which is why we focus

specifically on analysis amortization within Legion. Then, Chapter 6 focuses on the

bottom layer of the Legate runtime stack, tackling overheads at the Realm layer.

64
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5.1 Background and Motivation

rohany: Not sure about the exact name of this section, but going to start to blend in

parts of the paper here.

rohany: citations for the analyses used by Legion in parallelism extraction.

As discussed in Chapter 2 and Chapter 3, Legion exposes an implicitly-parallel

task-based programming model. Programs are expressed as a sequential stream of

tasks, where tasks describe which stores they access and how the stores will be ac-

cessed (with privileges). Legion then performs a dependence analysis to identify which

tasks depend on each other, extract parallelism from the input sequential stream of

tasks, and insert communication between tasks to ensure that tasks observe data

consistent with the sequential program interpretation. Chapter 3 describes how this

dependence analysis is a critical component for the efficient composition of indepen-

dent Legate libraries.

Legion’s dependence analysis, while extremely powerful, is the most heavyweight

dynamic analysis performed in the entire Legate runtime stack. This analysis costs

roughly 1 millisecond per task in the source program; as tasks drop below this thresh-

old, which is becoming more common with higher performance GPUs, the analysis

is unable to be amortized and dominates the performance of the application. To im-

prove the performance of Legion’s analysis, Lee et al. [35] introduced dynamic tracing,

a memoization framework for Legion’s dependence analysis. Tracing records the re-

sults of the dependence analysis for an issued sequence of tasks, and then replays the

results of the analysis the next time an identical sequence of tasks is issued. Tracing

has been shown to yield significant speedups by eliminating the cost of the depen-

dence analysis on iterative programs, and reducing the overheads imposed by Legion

to roughly 100 microseconds per task.

A significant limitation of tracing currently is that it requires the programmer

to annotate repeatedly issued program fragments with stop/start markers for the

runtime system. Explicit stop/start markers derail the correctness and performance of

Legate programs (and directly in Legion) under composition. However, programmer

introduced trace annotations do not correctly compose under composition, the correct
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placement of trace annotations when composing complex software becomes unclear.

Functions defined in independent Legate libraries may contain operations that cannot

by traced by a practical tracing implementation, or may issue a different sequence of

tasks on each invocation. Each of these cases result in errors, due to the incorrect

trace annotations constructing an ill-formed sequence of operations. Furthermore,

even simple programs constructed from an individual Legate library can have traces

that do not correspond to syntactic loop structures in the source program, making

it difficult to correctly place tracing annotations. We elaborate on such an example

program later in Section 5.1.1.

To both improve programmer productivity and to enable the tracing of high-level

programs composed from independent Legate libraries, we argue that implicitly-

parallel task-based systems like Legion should automatically identify repeated se-

quences of tasks, memoize their dependence analysis results, and cheaply replay the

analysis as needed. We call this the problem of automatic tracing, which is similar

to Just-In-Time (JIT) compilation in the context of dynamic language implemen-

tations [25, 28, 38]. JIT compilers for dynamic languages interpret bytecode during

program startup, and compile bytecode to native instructions as repeatedly invoked

program fragments become hot. Following this architecture, Legion should interpret

issued operations with a dynamic dependence analysis, and switch to an analysis-free

compiled execution once repeated sequences of operations are encountered.

The key challenge of automatic tracing is the identification of repeated sequences

of tasks produced by the source program. Unlike JIT compilers, the input to Legion

is a stream of tasks that lacks information about control flow such as basic block

labels or function definitions. As such, Legion cannot rely on these code landmarks

or predictable execution flow to identify repeated sequences of operations.

5.1.1 Motivating Example for Automatic Tracing

We now describe how high-level, implicitly-parallel Legate programs can be difficult

to add manual tracing annotations to, due to layers of abstraction over the concrete

stream of tasks. These challenges arise as a result of the same properties that enable



CHAPTER 5. CONTROLLING OVERHEADS (DEPENDENCE ANALYSIS) 67

1 import cupynumeric as np
2 # Generate random system.
3 A = np.random.rand(N,N)
4 b = np.random.rand(N)
5 # Initialize solution and
6 # extract diagonal.
7 x = np.zeros(A.shape [1])
8 d = np.diag(A)
9 R = A - np.diag(d)

10 # Jacobi iteration.
11 for i in range(iters):
12 x = (b - np.dot(R, x)) / d

(a) Python source code.

1 DOT(R, x1, t1)
2 SUB(b, t1, t2)
3 DIV(t2, d, x2) # Iteration 1
4 DOT(R, x2, t1)
5 SUB(b, t1, t2)
6 DIV(t2, d, x1) # Iteration 2
7 DOT(R, x1, t1)
8 SUB(b, t1, t2)
9 DIV(t2, d, x2) # Iteration 3

10 DOT(R, x2, t1)
11 SUB(b, t1, t2)
12 DIV(t2, d, x1) # Iteration 4

(b) Main loop task stream.

Figure 5.1: Example cuPyNumeric program and the stream of tasks issued to the
Legate (and then Legion) runtime. An intuitive trace around the main loop does not
correspond to a repeated program fragment.

Legate programs to compose in the first place: the Legate runtime reduces operations

from independent libraries into a single coherent task stream that can be analyzed

and optimized. However, once the program has entered this flattened representation,

recovering structure around looping patterns is a challenge.

Figure 5.1a is a small cuPyNumeric that performs Jacobi iteration. The corre-

sponding stream of tasks issued by the main loop is shown in Figure 5.1a. As before,

each cuPyNumeric array maps directly to a Legate store. For each task, we elide

privilege annotations on store arguments, and let the first two arguments denote the

source-level inputs, while the third argument is the source-level output.

To trace a program, the programmer must issue a tbegin(id) call (standing

for “trace begin”) before and a tend(id) call after the fragment. The first time

Legion executes a trace with a particular id, it records the results of the dependence

analysis, and then replays the results when executing the same trace id again [35].

For a trace to be valid, the sequence of tasks and their store arguments encapsulated

by tbegin(id) and tend(id) calls must be exactly the same for a given id. The same

store arguments must be used across trace invocations as the dependence analysis is

affected by the usages of the stores and how they are partitioned.

A natural attempt to trace the program in Figure 5.1a would place the tbegin

and tend around the body of the main for loop. However, this annotation results

in an invalid trace, due to an implementation detail within cuPyNumeric and the
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Legate runtime. The problem with this natural annotation is the loop-carried use

of the Python variable x, which is bound to different cuPyNumeric arrays (stores)

at different points of execution. Upon entering loop iteration i, x is bound to a

store arbitrarily named x1, which is used as an argument for the first dot operation.

As execution proceeds, cuPyNumeric allocates a new store x2 for the result of the

division with d, and binds the Python variable x to the region x2. Therefore, the next

iteration i+ 1 issues a dot on x2, causing iteration i+ 1 to issue a different sequence

of tasks than iteration i! Issuing a different sequence of tasks with the same trace id

is a violation of the conditions to use tracing, and Legion may either choose to raise

an error or fall back to the expensive dependence analysis.

Rohany: edit this paragraph when splicing it in. To correctly trace the program

in Figure 5.1a, a programmer must either add trace annotations around every two

iterations of the main loop, or use two different trace ID’s for each different iteration’s

repetition pattern. This steady state of groups of two iterations is achieved because

when x is assigned, the region it refers to can be collected and immediately reused

by cuPyNumeric. Relying on this steady state is brittle, as the addition of more

operations in the main loop or a change in cuPyNumeric’s region allocation policy

could perturb the way in which the necessary steady state for tracing is achieved.

Instead, we argue that a dynamic analysis should analyze the application stream of

tasks and automatically discover what fragments of the application should be traced,

removing this concern from the programmer.

5.2 What Are Good Traces?

By identifying traces automatically, we aim to reduce the amount of time Legion

spends performing dynamic dependence analysis. To maximally reduce this dynamic

dependence analysis cost, we must define what are the properties of traces that Legion

should automatically identify.

A simple model of a Legion’s dependence analysis is that Legion spends time α

analyzing each task. The first time a trace is issued, the dependence analysis results

are memoized, so Legion spends time αm (memoization time) on each task in the
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trace, where αm is slightly larger than α. Then, on subsequent executions of the

trace, there is some constant c amount of overhead to replaying the trace, but every

task in the trace only incurs an analysis cost of αr (replaying time), where αr ≪ α.

Using this model of the Legion, we derive several properties of traces that we aim

to automatically discover. First, the selected traces should maximize the number of

traced operations to minimize the number of tasks that contribute an α to the overall

analysis cost. Next, the selected traces should be relatively long so that the constant

replay cost c does not accumulate. Finally, the set of selected traces should be small,

so that Legion does not continually memoize new traces and pay αm per task in each

new trace. Intuitively, the ideal set of traces corresponds to the loops in the target

program.

We now concretize the good traces that Legion should find as the solutions of a

concrete optimization problem. Consider the sequence of tasks S constructed from a

complete execution of the target program. A system for automatic trace identification

must construct from S

• A set of traces T , containing sub-strings of S,

• A function f : T → interval set, mapping each t ∈ T to a set of intervals in S

that are matched by t,

that maximizes the coverage of f , defined by coverage(T, f) =
∑

t∈T
∑

i∈f(t) |i|, sub-
ject to the constraints

1. ∀t ∈ T , t is longer than a minimum length,

2.
⋃

t∈T f(t) is a disjoint set of intervals.

Multiple solutions exist for this problem, so we prefer solutions that first maximize

the number of matched intervals (
∑

t∈T |f(t)|), and then minimize the total number

of selected traces (|T |). Maximizing coverage(T, f) directly minimizes the number of

untraced tasks, and selecting a small set of traces that repeats many times minimizes

the memoization cost of αm per task. Finally, a minimum length is placed on traces

to ensure that the constant replay cost c can be effectively amortized. We present a

concrete problem instance and example solutions in Figure 5.2.
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Task Sequence:

Set of Traces: {T1T2T3, T1T2}

<latexit sha1_base64="wbBuGjLdWOQP9DQarLsb8F9yooQ=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCC6kJLWiy6IblxXSCzQhTKbTdujkwsxEKLELX8WNC0Xc+hrufBunbRba+sPAx3/O4Zz5g4QzqSzr2yisrK6tbxQ3S1vbO7t75v5BS8apILRJYh6LToAl5SyiTcUUp51EUBwGnLaD0e203n6gQrI4ctQ4oV6IBxHrM4KVtnzzyM2Q49uOX3X8i/Mc3Ylvlq2KNRNaBjuHMuRq+OaX24tJGtJIEY6l7NpWorwMC8UIp5OSm0qaYDLCA9rVGOGQSi+b3T9Bp9rpoX4s9IsUmrm/JzIcSjkOA90ZYjWUi7Wp+V+tm6r+tZexKEkVjch8UT/lSMVoGgbqMUGJ4mMNmAimb0VkiAUmSkdW0iHYi19ehla1Ytcql/e1cv0mj6MIx3ACZ2DDFdThDhrQBAKP8Ayv8GY8GS/Gu/Exby0Y+cwh/JHx+QPxmJQj</latexit>

Invalid Matching: f =

<latexit sha1_base64="+TU8enSR+4x1xqUzIU+ro5xZFnI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoheh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEmk0J0g4bVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd1r1C8fGrXmbRFHGU7gFM7Bgytowj20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A+22NjQ==</latexit>

T1T2 7! {[3, 5)}

<latexit sha1_base64="BcKaPc18pM3HKG/4cMy82QbuqPc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBQUpSW3RZdOOyQl+QhDCZTtqhM0mYmQglFNz4K25cKOLWn3Dn3zhpu9DWAwOHc+7lzjlBwqhUlvVtFFZW19Y3ipulre2d3T1z/6Aj41Rg0sYxi0UvQJIwGpG2ooqRXiII4gEj3WB0m/vdByIkjaOWGifE42gQ0ZBipLTkm0ct3275VehylEgVQzdzLi9g/dydlHyzbFWsKeAyseekDOZo+uaX249xykmkMENSOraVKC9DQlHMyKTkppIkCI/QgDiaRogT6WXTDBN4qpU+DGOhX6TgVP29kSEu5ZgHepIjNZSLXi7+5zmpCq+9jEZJqkiEZ4fClEEdNi8E9qkgWLGxJggLqv8K8RAJhJWuLS/BXoy8TDrVil2r1O9r5cbNvI4iOAYn4AzY4Ao0wB1ogjbA4BE8g1fwZjwZL8a78TEbLRjznUPwB8bnD7HslaI=</latexit>

Sub-Optimal Matching: f =

<latexit sha1_base64="+TU8enSR+4x1xqUzIU+ro5xZFnI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoheh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEmk0J0g4bVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd1r1C8fGrXmbRFHGU7gFM7Bgytowj20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A+22NjQ==</latexit>

Optimal Matching: f =

<latexit sha1_base64="+TU8enSR+4x1xqUzIU+ro5xZFnI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoheh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEmk0J0g4bVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd1r1C8fGrXmbRFHGU7gFM7Bgytowj20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A+22NjQ==</latexit>

T1T2T3 7! {[0, 3), [3, 6)}

<latexit sha1_base64="KCcGeqXmJoG6JeunHfYYh8XcRA0=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQslJK09bEsunFZoS9IQphMJ+3QyYOZiVBCv8CNv+LGhSJuXbvzb5y0WWjrgYHDOfdy5xwvZlRIw/jW1tY3Nre2CzvF3b39g0P96LgnooRj0sURi/jAQ4IwGpKupJKRQcwJCjxG+t7kNvP7D4QLGoUdOY2JE6BRSH2KkVSSq5c7rtlx6x23Ae0AxUJG0E4towoblSq0GlV4WbFnRVcvGTVjDrhKzJyUQI62q3/ZwwgnAQklZkgIyzRi6aSIS4oZmRXtRJAY4QkaEUvREAVEOOk8zgyWlTKEfsTVCyWcq783UhQIMQ08NRkgORbLXib+51mJ9K+dlIZxIkmIF4f8hEEVOusGDiknWLKpIghzqv4K8RhxhKVqMCvBXI68Snr1mtmsXdw3S62bvI4COAVn4ByY4Aq0wB1ogy7A4BE8g1fwpj1pL9q79rEYXdPynRPwB9rnD1AomHY=</latexit>

T =

<latexit sha1_base64="kMTwURL/AKyC/2zEFjPm4CPzGBs=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVFr0IRS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpBa6RcNyxa26C6B14uWkAjmaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrzxUybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE46V1WvVq0/1iqNuzyOIpzBOVyCB9fQgAdoQhsITOAZXuHNEc6L8+58LFsLTj5zCn/gfP4A3++New==</latexit>

T1T2T3T1T2T3T1T2T1T2T1T2T3T1T2T1T2T3

<latexit sha1_base64="4+Tsu/P4pmeadUddnD1VW8temCc=">AAACMHicbVDLSgMxFL3js9bXqEs3wSK4KjNtRZdFF7qs0Be0w5BJ0zY0kxmSjFCGfpIbP0U3Coq49StM21lo2wOXHM65l5t7gpgzpR3n3Vpb39jc2s7t5Hf39g8O7aPjpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0e3Ubz1SqVgk6nocUy/EA8H6jGBtJN++q/suqvslU2W0mi++q7yybxecojMDWiZuRgqQoebbL91eRJKQCk04VqrjOrH2Uiw1I5xO8t1E0RiTER7QjqECh1R56ezgCTo3Sg/1I2lKaDRT/06kOFRqHAamM8R6qBa9qbjK6yS6f+2lTMSJpoLMF/UTjnSEpumhHpOUaD42BBPJzF8RGWKJiTYZ500I7uLJy6RZKrqV4uVDpVC9yeLIwSmcwQW4cAVVuIcaNIDAE7zCB3xaz9ab9WV9z1vXrGzmBP7B+vkF+CqhsA==</latexit>

T1T2 7! {[0, 2), [3, 5), [6, 8), [8, 10),

<latexit sha1_base64="UGRfu2RjsdLWKc1BPqHz88XSRlI=">AAACG3icbVDLSsNAFJ34rPVVdelmsAgWQklqq10W3bis0BekIUymk3boZBJmJkIJ/Q83/oobF4q4Elz4N07aLrT1wHAP59zLnXv8mFGpLOvbWFvf2Nzazu3kd/f2Dw4LR8cdGSUCkzaOWCR6PpKEUU7aiipGerEgKPQZ6frj28zvPhAhacRbahITN0RDTgOKkdKSV6i0PLvlVWA/RLFUEeynjmXCSsmEzqUJa1m9MmE9q3UT2lbJzHuFolW2ZoCrxF6QIlig6RU++4MIJyHhCjMkpWNbsXJTJBTFjEzz/USSGOExGhJHU45CIt10dtsUnmtlAINI6McVnKm/J1IUSjkJfd0ZIjWSy14m/uc5iQrqbkp5nCjC8XxRkDCoQ8iCggMqCFZsognCguq/QjxCAmGl48xCsJdPXiWdStmulmv31WLjZhFHDpyCM3ABbHANGuAONEEbYPAInsEreDOejBfj3fiYt64Zi5kT8AfG1w9ERpqi</latexit>

[10, 12), [13, 15), [15, 17)}

<latexit sha1_base64="Tn6Ca1vYh0PDBJcaEKXFuWklfco=">AAACCHicbZBNS8MwGMfT+TbnW9WjB4NDcDBGOzfmcejF4wT3Al0ZaZZuYWlaklQYY0cvfhUvHhTx6kfw5rcx7XrQzT8Efvyf50ny/L2IUaks69vIra1vbG7ltws7u3v7B+bhUUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63uQmqXcfiJA05PdqGhE3QCNOfYqR0tbAPHVsqwztaqkMHftSUz2luqZGqT8vDMyiVbFSwVWwMyiCTK2B+dUfhjgOCFeYISn1/ZFyZ0goihmZF/qxJBHCEzQijkaOAiLdWbrIHJ5rZwj9UOjDFUzd3xMzFEg5DTzdGSA1lsu1xPyv5sTKv3JnlEexIhwvHvJjBlUIk1TgkAqCFZtqQFhQ/VeIx0ggrHR2SQj28sqr0KlW7FqlflcrNq+zOPLgBJyBC2CDBmiCW9ACbYDBI3gGr+DNeDJejHfjY9GaM7KZY/BHxucP4vyUMA==</latexit>

T1T2T3 7! {[0, 3), [3, 6), [10, 13), [15, 18)}

<latexit sha1_base64="f4Y/KBUejXR9OaRwf/NsIy6H9r8="></latexit>

T1T2 7! {[6, 8), [8, 10), [13, 15)}

<latexit sha1_base64="AWNzx7dFSKdAW6ktwqDZT27kg3I=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARLNSS1Fa7LLpxWaE3SEKYTKft0MmFmYlQQp/Cja/ixoUibsWdb+OkzUJbfxj4+M85nDm/FzEqpGF8a7m19Y3Nrfx2YWd3b/9APzzqijDmmHRwyELe95AgjAakI6lkpB9xgnyPkZ43uU3rvQfCBQ2DtpxGxPHRKKBDipFUlqtftF2z7Vah7aNIyBDaiXVVho1SGVqNMjSNFMxLRfWSPSu4etGoGHPBVTAzKIJMLVf/sgchjn0SSMyQEJZpRNJJEJcUMzIr2LEgEcITNCKWwgD5RDjJ/KwZPFPOAA5Drl4g4dz9PZEgX4ip76lOH8mxWK6l5n81K5bDhpPQIIolCfBi0TBmUN2fZgQHlBMs2VQBwpyqv0I8RhxhqZJMQzCXT16FbrVi1ir1+1qxeZPFkQcn4BScAxNcgya4Ay3QARg8gmfwCt60J+1Fe9c+Fq05LZs5Bn+kff4AqLuaAQ==</latexit>

Overlapping 
matches

coverage(T, f ) = 14

coverage(T, f ) = 18

Figure 5.2: Example of a task stream and fixed trace set T with an invalid matching
function f , and two matching functions with different coverage(T, f).

The presented optimization problem precisely defines the properties of traces that

Legion should attempt to find, but it does not directly yield an algorithm to discover

good solutions. Additionally, the optimization problem is structured in a post-hoc

formulation, where an optimal solution is constructed from the results of the entire

program execution. In practice, Legion must construct the solution (T, f) in an online

manner, using the currently visible prefix of the sequence of tasks launched by the

application. In the next section, we discuss algorithms for dynamically finding good

solutions to this optimization problem through a set of string processing algorithms.

5.3 Trace Identification

Dynamically finding good traces requires processing information about the tasks seen

so far, and then using that information to record and replay traces in the future. An

overview of Legion’s dynamic analysis procedure for automatic tracing is sketched

in Algorithm 1. Legion has two components that correspond to the targets of the

optimization problem in ??. The trace finder constructs the candidate set of traces T

by accumulating the tasks issued by the application into a buffer, and asynchronously

mining the buffer to find candidate traces. The trace replayer then constructs the
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matching function f by ingesting the candidate traces into a trie, and identifying

candidate traces in the application stream by maintaining pointers into the trie that

represent potential matches. The automatic tracing analysis intercepts calls to the

application-exposed ExecuteTask function, and forwards a potentially different set of

tasks and trace markers to the runtime. A concrete example of how Legion identifies

a trace in an application is shown in Figure 5.3. We now describe each of these

components in detail.

5.3.1 A Stream of Tokens

An insight is that automatic trace identification is inherently an online string analysis

problem of finding repeated sub-sequences in the application’s task stream. As seen in

Figure 5.1b, the task stream is not just a list of identifiers—tasks have store arguments

that must also be the same across iterations to be used in a trace. To capture all

aspects of a task that can affect the dependence analysis, Legion constructs a hash

from each task and its store arguments. Converting the input stream of tasks into a

stream of hash tokens enables more direct application of string processing techniques,

and straightforward handling of traceable operations that are not tasks, such as copies

and fills.

5.3.2 Finding Traces With High Coverage

Legion’s trace finder records tasks as they are issued by the application into a buffer

(we describe a refinement to this scheme in Section 5.3.4). Once the buffer fills up,

Legion launches an asynchronous analysis of the buffer to find a set of traces within

the buffer that maximize the coverage of the buffer. We discuss previous ideas that

are related to this goal, and then describe the solution used in Legion (We discuss

more related work in ??; I’m not sure exactly where this discussion of other related

work should go..)
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Algorithm 1: Legion’s Dynamic Analysis for Automatic Tracing.

/* Initialize token history buffer B and pending async analyses J. */

1 B, J ← [], []
/* Initialize trie of candidates C, potential current traces A, and

pending tasks P. */

2 C,A, P ← Trie(), [], []
/* Discussed in Section 5.3.2. */

3 TraceFinder (H)
4 B ← B + [H]
5 if ShouldAnalyzeHistory(B) then

/* What subset of the history to analyze is discussed in

Section 5.3.4. */

6 B′ ← GetAnalysisSubset(B)

/* Find repeated sub-strings. */

7 j ← async FindRepeats(B′)

8 J ← J + [j]
9 B ← MaybeClearHistory(B)

/* Discussed in Section 5.3.3. */

10 TraceReplayer (T,H)
11 if ∃ j ∈ J, j is complete then
12 IngestCandidates(j, C)

13 P ← P + [T ]
/* Advance all potential traces by H in the trie if possible. Remove

impossible traces, and extract fully matched candidates. */

14 A← AdvanceActiveCandidates(C,A,H)

15 A← FilterInvalidCandidates(C,A)
16 D,A← FilterCompletedCandidates(C,A)
17 if |D| > 0 then

/* Select one of the pending candidates to replay. Execute any tasks

before it, and issue a trace replay for the candidate. */

18 R← SelectReplayTrace(D,P,A)
19 P,A← ExecuteAndReplay(R,P,A)

/* Applications (or Legate itself) issue tasks through Legion’s ExecuteTask

function. */

20 ExecuteTask (T )
21 H ← Hash(T)
22 TraceFinder(H)

23 TraceReplayer(T , H)
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Application
issues task stream

T1 T2 T3 … T1 T2 T3 Apophenia hashes each task to 
produce a stream of hashes

H1 H2 H3 … H1 H2 H3H2H1 …H3 H2H1 H3

H2H1 …H3 H2H1 …H3

When the buffer fills up, Apophenia 
mines it for candidate traces

H1

H2

H2 H3

H4

H6

H2 H5

H3

Hash stream is accumulated into a buffer

Candidate traces are
 tracked in a trie

Application
issues candidate trace

T1 T2 T3
H1

H2

H2 H3

H4

H6

H2 H5

H3

Candidate trace is detected by 
traversing the trie of hashes

Figure 5.3: Visualization of Legion’s automatic tracing analysis.
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Existing Techniques

The Lempel-Ziv family of algorithms use repeated sub-strings for compression. Al-

gorithms like LZ77 [46,62,63] maintain a sliding window of previous tokens to search

for repeats in when encoding upcoming tokens. The LZW [53] algorithm avoids the

use of a sliding window by only increasing the length of any candidate repeat by a

single token at a time. While not directly finding a set of repeats with high coverage,

similar algorithms that use a sliding window would need to maintain and search in

a window the size of the analyzed buffer, resulting in quadratic time complexity. In

order to recognize a trace of length n, an LZW-style algorithm would also need to

encounter the trace n − 1 times. We wanted an algorithm that is sub-quadratic in

order to scale to large buffer sizes. Real-world applications we discuss in ?? have

traces that contain more than 2000 tasks, requiring token buffers of at least twice

that size to detect a single repeat.

Within the programming languages community, recent work by Sisco et al. [45]

used a technique called tandem repeat analysis [47] to find loops in the netlists that

result from compiling hardware description languages. A tandem repeat is a sub-

string α that repeats contiguously within a larger string S, such that αk is a sub-

string of S, for some k. Despite the success that Sisco et al. had using tandem

repeat analysis, we found that even simple real world cuPyNumeric programs did not

contain enough tandem repeats for the analysis to reliably identify a trace set with

high coverage. The reason is that while these real-world programs tended to have

repetitive main loops, there would often be irregularly appearing computations such

as convergence checks or statistics calculations that occur infrequently between loop

iterations. As such, the strings that represented these programs would not contain

tandem repeats, but instead repeated sub-strings separated by other tokens.

A relaxation of tandem repeat analysis is to search for non-overlapping repeated

sub-strings, which removes the contiguity requirement on the repeats. Concretely,

given the string ababab, abab is an overlapping repeat, while ab is non-overlapping.

We could use non-overlapping repeated sub-strings to assemble a set of traces T and a

disjoint mapping f that achieves high coverage. While there exist standard suffix-tree

algorithms to find repeated sub-strings, we found that the natural extensions of these
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algorithms to detect non-overlapping repeated sub-strings also resulted in quadratic

runtime complexity.

Our Algorithm

We design a repeat finding algorithm that is directly aware of the optimization prob-

lem in ?? and runs in O(n log(n)), where n is the size of the token history buffer. At

a high level, our algorithm makes a pass through a suffix array constructed from the

input buffer to collect a set of candidate repeats. It then greedily selects the largest

repeated sub-strings that do not overlap with any previously chosen sub-strings. Psue-

docode for our algorithm is in Algorithm 21, which takes a string S and returns a set

of sub-strings that achieve high coverage of S. We assume that the reader is knowl-

edgeable about suffix arrays and their structural properties. However, understanding

the algorithm in Algorithm 2 is not required to understand its usage in Legion, as

discussed in Section 5.3.3 and Section 5.3.4.

As a first step, we construct a suffix array and longest common prefix array from

the input buffer of tokens. We then iterate through adjacent pairs of suffixes to

construct a set of candidate repeats, which are tuples of sub-strings defined by their

length, the repeated sub-string, and its starting position in S. These candidates

are constructed based on whether or not the shared prefix between adjacent suffix

array entries overlap. Once all of the candidates have been constructed, we sort

the candidates to greedily select candidates in order of length, and select as many

occurrences of a particular sub-string as possible. We only select candidates that

do not overlap with any previously selected candidates, and then deduplicate the

chosen set of candidates as the result. A sample execution of Algorithm 2 is shown

in Figure 5.4.

Our algorithm can be implemented with time complexity O(n log(n)). Linear time

algorithms exist for suffix array and LCP array construction [30]. Two candidates are

generated for each entry in the suffix array, so sorting the candidates takes O(n log(n))

time. The interval intersection step can be reduced to constant time by leveraging

1We also present a standalone implementation of the algorithm available at https://github.

com/david-broman/matching-substrings.

https://github.com/david-broman/matching-substrings
https://github.com/david-broman/matching-substrings
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Algorithm 2: Algorithm to compute non-overlapping repeated sub-strings.

1 FindRepeats (S)
2 SA,LCP ← SuffixArray(S)

/* Candidates are tuples of string length, the repeated sub-string, and

starting position. */

3 C ← []
4 foreach i ∈ [0, |SA| − 1) do

/* Extract adjacent suffix array entries and their overlap length.

*/

5 s1, s2, p← SA[i], SA[i+ 1], LCP [i]
6 if [s1 : s1 + p) ∩ [s2 : s2 + p) = ∅ then

/* S[s1 : s1 + p] and S[s2 : s2 + p] are repeated strings that do not

overlap in S, so they are candidates. */

7 r ← S[s1 : s1 + p]
8 C ← C + [(p, r, s1), (p, r, s2)]

9 else
/* S[s1 : s1 + p] and S[s2 : s2 + p] overlap in S. Assume s2 > s1, the

other case is symmetric. In this case, the overlap is a

collection of repeats of S[s1 : s1 + d], by the structure of the

suffix array. */

10 d← s2− s1
/* Break prefix into two chunks of repeated pieces of

S[s1 : s1 + d]. */

11 l← (p+ d)/2
/* Remove trailing tokens. */

12 l← l − (l%d)
13 r ← S[s1 : s1 + l]
14 C ← C + [(l, r, s1), (l, r, s1 + l)]

/* Sort the candidates by decreasing length and by increasing sub-string

and start position. */

15 Sort(C)

/* Greedily collect sub-strings that do not overlap with previously

chosen sub-strings. */

16 I,R← [], []
17 foreach (l, , s) ∈ C do
18 if [s, s+ l) does not intersect I then
19 I ← I + [[s, s+ l)]
20 R← R+ [S[s : s+ l]]

21 return R



CHAPTER 5. CONTROLLING OVERHEADS (DEPENDENCE ANALYSIS) 77

8
7
0
1
6
4
2
5
3

aabcbcbaa
aa
a

abcbcbaa

baa
bcbaa
bcbcbaa
cbaa
cbcbaa

Suffix Array Candidates

(1, a, 8), (1, a, 7)

(2, aa, 7), (2, aa, 0)
(1, a, 0), (1, a, 1)
— no overlap —
(1, b, 6), (1, b, 4)

(2, bc, 2), (2, bc, 4)
— no overlap —

(2, cb, 5), (2, cb, 3)
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nd
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Figure 5.4: Execution of Algorithm 2 on “aabcbcbaa”. The candidates for each suffix
pair is shown between the pair.

the candidate iteration order, so the entire loop executes in O(n) time. In particular,

an array of length |S| can be maintained, and as each candidate is selected, all

positions covered by the candidate are marked. Then, as candidates are iterated

over in decreasing length and increasing start position order, interval intersection can

be checked by checking if the start or end of an interval is marked. Finally, the

deduplication can be done by generating a unique ID for each candidate sub-string

in the candidate generation phase, and adjusting the candidate representation to be

a tuple of length, ID and starting position; using this sort order allows deduplication

to be done at each iteration of the candidate selection loop.

Our algorithm aims to find good solutions to the optimization problem in ?? by

identifying long repeated sub-strings and selecting as many as possible that do not

overlap with each other. We trade off between an optimal solution to the optimization

problem to instead find good solutions and maintain a lower asymptotic runtime.

There are two such heuristics in our algorithm. First, when adjacent suffix array

entries have a repetition, we consider only the maximal length repetition instead

of all sub-strings of the repetition. Second, when we select which candidates to

keep, we greedily choose the largest candidates instead of performing a bin-packing
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computation. Our algorithm is guaranteed to find the longest repeated sub-string,

but due to the second heuristic, we cannot provide theoretical guarantees about the

other chosen sub-strings. We show in ?? that Legion using our algorithm is able to

identify good traces in complex, real-world applications.

5.3.3 Recognizing and Replaying Candidate Traces

Legion’s trace replayer uses Algorithm 2 to find candidate traces from the application’s

history of tasks. In this section, we discuss how Legion’s trace replayer identifies and

selects these candidate traces from the task stream to record and replay. Our design

of the trace replayer has two major goals. First, the per-task overhead must be

low, as it is imperative for performance for the application to issue as many tasks

into the runtime as possible so that the runtime can either replay traces or perform

dependence analysis ahead of execution. Slowing down the task launch rate would

result in exposed latency from various sources in the runtime. Second, Legion must

balance exploration and exploitation when selecting traces. As more information

about the application is gained, Legion should switch to better traces as it finds

them. However, Legion should not leave a steady state of replaying a particular

trace until it is confident that performance can be improved, as memoization of the

dependence analysis for new traces has a cost.

As discussed previously, Legion accumulates a history of tasks launched by the

application and asynchronously uses Algorithm 2 to select candidate traces. Asyn-

chronous analysis of task histories is important to avoid stalling the application by

waiting for the analysis to finish before accepting the next task from the application.

When an asynchronous analysis completes, Legion ingests the results into a trie

that maintains the current set of candidate traces. Along with this trie, Legion

maintains a set of pointers into the trie that represent potential matched traces. As

tasks are issued, Legion updates the set of pointers by creating new pointers for each

new task, stepping any existing pointers down the trie if possible, and removing any

pointers that are made invalid. Once a pointer reaches a leaf of the trie and has

matched a trace, Legion has the option to record or replay the trace, by wrapping
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the tasks with tbegin and tend calls.

Legion uses a scoring function to select which matched trace to replay when faced

with multiple valid choices. The scoring function is based on the length of the can-

didate trace multiplied by a count of the number of times the trace has appeared.

In calculation of the score, we impose a maximum value of the count that can be

used, and exponentially decay the value of the count by how many tasks have been

encountered since the trace last appeared. Finally, we increase the score slightly if a

trace has already been replayed.

Our scoring function encodes heuristics about trace selection and aims to balance

exploration and exploitation. We naturally prefer long traces over shorter ones, as

longer traces have the potential to eliminate more runtime overhead. The capping

of the appearance count allows for Legion to eventually switch from a trace that

appeared early during program execution to a better trace that appears later in the

execution. Next, decaying the appearance count ensures that a seemingly promising

trace that occurs infrequently, does not eventually hit a threshold, and disrupts a

steady state. Finally, since recording new traces has a cost, when faced with traces

of a similar score, we bias Legion towards a trace it has already replayed.

5.3.4 Achieving Responsiveness and Quality

Legion’s trace finder accumulates tasks into a buffer and mines the buffer for traces

using Algorithm 2. An important question is what should the size of that buffer be?

The size of this buffer trades off between responsiveness of Legion’s trace identification

and the quality of traces Legion is able to find. With a small buffer, Legion can

identify traces early but will not be able to identify traces in programs with large

loops. Meanwhile, a large buffer allows Legion to identify long traces in complex

applications but introduces significant startup delay in smaller applications.

We did not want end users (especially non-expert users of high-level Legate li-

braries) to be required to continually adjust the buffer size parameter as their appli-

cation changes. As such, some strategy to adapt the buffer size along this tradeoff

space is necessary. We found that a strategy that attempts to dynamically resize
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Figure 5.5: Visualization of Legion’s buffer sampling strategy on a buffer of size 8.
After processing the i’th task, Legion mines the buffer slice labeled i.

the buffer based on what traces to find is unsatisfactory, as the system is unable

to differentiate between an application currently not repeating operations versus an

application repeating a sequence of operations larger than the buffer size. Instead,

we propose a strategy that selects a large fixed buffer size upfront, and then samples

smaller pieces of the buffer in a principled manner to be responsive to the occurrence

of short traces.

Legion samples from the buffer guided by the ruler function sequence [54], which

provides a practically useful sampling strategy with provable guarantees. The ruler

function counts the number of times a number can be evenly divided by two. Applying

it to the sequence 1, 2, 3, 4, . . . yields the sequence 0, 1, 0, 2, . . .. Raising the sequence

to the power two yields 1, 2, 1, 4, . . ., which we can interpret as subsets of the buffer

to analyze. For example, with a buffer size of four, as tasks arrive Legion would first

analyze the first task, then the first two tasks, then the third task, and finally all

four tasks. A visualization of this sampling policy is in Figure 5.5. This sampling

policy lets Legion quickly react to changes in the application by analyzing recent

pieces of the buffer while allowing larger traces to be found by infrequently analyzing

longer components of the buffer. For example, sampling the full buffer in Figure 5.5

is required to find a trace that repeats in positions H2-H4 and H5-H7. In practice,

we use the exponentiated ruler function as the multiples of a larger constant (such

as 250) to sample the buffer with. Finally, given that our algorithm in Section 5.3

runs in O(n log(n)), we show that our sampling strategy increases the total runtime

complexity of processing the buffer by only an extra log factor, yielding a total of
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O(n log2(n)). This technique enables all of the applications we evaluate (Section 5.5)

to be run with the same buffer size configuration parameter.

5.4 Automatic Tracing Implementation Concerns

We now discuss important aspects of a realistic implementation of automatic tracing

in Legion. In particular, we discuss the specifics of implementing automatic tracing in

a distributed context, a conscious decision not to perform speculation when replaying

traces, and the necessary extensions Legion’s underlying tracing engine.

5.4.1 Distributing the Analysis

The automatic tracing analysis as presented in Section 5.3 is sequential, processing

tasks as they are issued by the application or the higher-level Legate runtime system.

In a distributed setting, automatic tracing leverages the interaction with Legion’s

dynamic control replication [13] to maintain acting as a sequential analysis, except

for one component, which we discuss next. With control replication, the applica-

tion executes on each node and Legion shards the dependence analysis and execution

across nodes. The main restriction of control replication is that the application must

issue the same sequence of tasks on every node. Our implementation of automatic

tracing is a layer between the application and the rest of the Legion runtime system,

meaning that standard calls into the Legion runtime are intercepted, and the auto-

matic tracing infrastructure forwards a (possibly different) set of calls into the rest

of Legion. Therefore, the automatic tracing analysis inherits the control replication

requirements of the application. In particular, each node must agree on which traces

to replay and when during program execution to record and replay the traces.

The only source of non-determinism in the automatic tracing analysis that could

cause control divergence between nodes is the asynchronous processing of token buffers

described in Section 5.3.2. An instance of Legion (and the automatic tracing analysis)

exists on each node of the target machine, and each instance maintains a local history

buffer of tasks to run asynchronous analyses on. Each issued asynchronous analysis
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may complete earlier on one node than another, resulting in that node replaying a

trace before another node has identified that trace as a candidate. However, mak-

ing the analysis synchronous would result in stalling the application until analyses

complete. We resolve this tension by having each node agree on a count of processed

operations to issue before ingesting the results of an asynchronous analysis. If any

node had to wait on an asynchronous analysis to complete, all nodes increase their

count of operations to wait on for the next analysis. This strategy reaches a steady

state where analysis results are ingested in a deterministic manner without stalling

the application.

5.4.2 (The Lack of) Speculation

Speculation is a common technique in computer architecture to efficiently execute

programs with data-dependent control flow. As automatic tracing in Legion has

similarities to speculative components in architecture like trace caches (??), a natural

design decision was if Legion should speculate on whether traces would be issued by

the application. Concretely, if Legion decided to replay the trace T1T2T3T1T2T3 and

has seen the tasks T1T2T3 so far, should it wait until the second T1T2T3 has been issued,

or speculatively issue the trace T1T2T3T1T2T3 and roll back if the next three issued

tasks differ from T1T2T3? Our implementation of automatic tracing in Legion does

not speculate and waits for the entirety of a trace to arrive before issuing the trace

to the rest of the runtime system’s analysis. The relative costs of different operations

within the Legion runtime system made the potential upside of speculation not worth

the implementation complexity.

Legion employs a pipelined architecture where a task flows through three stages:

1) the application phase, where the task is launched (into the automatic tracing

analysis), 2) the dependence analysis phase, where the task is analyzed or replayed

as part of a trace, and 3) the execution phase, where the task is executed. Depending

on the cost ratio of the application and analysis phases, speculation may be beneficial

as Legion waits for an entire trace to pass through the application phase. Legion’s

analysis phase is an order of magnitude more expensive than the application phase,
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letting the application phase run far ahead of the analysis phase. Thus, waiting for an

entire trace to be issued by the application rarely stalls the pipeline and gets exposed

in the overall runtime. Therefore, we conclusded that designing a trace prediction

algorithm and implementing a backup-rollback-recover scheme on speculation failures

was not worth the complexity.

5.4.3 Non-Idempotent Traces

An important improvement to Legion that was needed for automatic tracing was sup-

port for non-idempotent traces ; previously, Legion only supported idempotent traces.

A trace is idempotent when its preconditions imply its postconditions. The precon-

ditions of a trace capture the state of the dependence analysis when the trace was

recorded, and the postconditions capture the state of the dependence analysis after

the trace is executed. Intuitively, a trace may only be replayed if its preconditions

are satisfied, i.e. at the start of the trace the dependence analysis is in the same state

as when the trace was recorded.2

The impact of idempotency is that for back-to-back replays of an idempotent

trace, the trace’s preconditions are known to hold and do not need to be verified. For

several technical reasons such as implementation complexity and the costs of checking

trace preconditions, Legion only supported idempotent traces before our work. We

found that it was necessary to relax this restriction and support non-idempotent

traces. A consequence of modeling trace identification as a string analysis problem

is that the conversion of task sequences into strings loses information about the pre-

and post-conditions of a trace. As such, it is difficult to bias the string algorithms

towards sub-strings with have semantic properties such as idempotency. Supporting

non-idempotent traces involves recording multiple instances of the trace for each set

of preconditions it may have (as the postconditions do not imply the preconditions),

selecting the instance that is applicable in the dependence analysis state when replay

is requested, and eagerly applying the postconditions to the dependence analysis state

after replay.

2We refer readers to Lee et al. [35] for more information about trace conditions and idempotency.
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5.5 Evaluation

5.5.1 Experimental Setup

We evaluate our implementation of automatic tracing on the largest and most complex

Legion applications written to date, including production scientific simulations (some

Legion-only and others in Legate) and a distributed deep learning framework. We

perform a mixture of weak-scaling (??) and strong-scaling (??) experiments and show

that our implementation of automatic tracing is able to match the performance of

manually traced code when trace annotations already exist, and that Legion can

identify traces in programs that were previously not traced. We then evaluate the

overhead that automatic imposes on Legion applications (??) and visualize Legion’s

search process (Section 5.5.5).

We evaluated our implementation of automatic tracing on the Eos and Perlmutter

supercomputers. Each node of Eos is an NVIDIA DGX H100, containing 8 H100

GPUs with 80 GB of memory and a 112 core Intel Xeon Platinum. Each node of

Perlmutter contains 4 NVIDIA A100 GPUs with 40 GB of memory and a 64 core

AMD EPYC 7763. Nodes of Eos are connected with an Infiniband interconnect,

while Perlmutter uses a Slingshot interconnect. We compile Legion on Eos with

the UCX networking module, and use the GASNet-EX [17] networking module on

Perlmutter. We do not execute each application on both Perlmutter and Eos due to

differences between the local environments on each machine. In our experiments, we

evaluate the relative performance differences between traced and untraced programs,

and comparisons between machines are not significant.

5.5.2 Weak Scaling

In this section, we discuss weak scaling results of applications using automatic tracing,

as shown in ?? and Figure 5.10. In a weak scaling study, we increase the problem

size as the size of the target machine grows to keep the problem size per processor

constant. For each application, we perform a sweep over different sizes of the problem

to vary the task granularity, thus affecting the impact of runtime overhead. These
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different problem sizes are denoted in the graph by the “-s”, “-m” and “-l” label

suffixes which stand for small, medium and large. At smaller problem sizes, more

runtime overhead can be exposed, while larger problem sizes make it easier to hide

runtime overhead. In each weak-scaling plot, we report the steady-state throughput

of each configuration and problem size after a number of warmup iterations (discussed

in ??). We report throughput in iterations per second achieved by each configuration,

so within a particular problem size, higher is better; across problem sizes, the smaller

problem sizes will achieve a higher iterations per second than the larger problem sizes.

S3D S3D [49] is a production combustion chemistry simulation code that has been

developed over the course of many years by different scientists and engineers. The Le-

gion port of S3D implements the right-hand-side function of the Runge-Kutta scheme,

and interoperates with the legacy Fortran+MPI driver of the simulation. The integra-

tion between Legion and the legacy Fortran+MPI code leads to various constraints

that the manual trace annotations interact with. For example, during the first 10

iterations, a hand-off between Legion and Fortran+MPI must occur every iteration,

while after the first 10 iterations a hand-off is required only every 10 iterations. While

not unmanageable, these interactions have led to relatively complicated logic to man-

ually trace the main loop. We scale S3D on Perlmutter, and compare the performance

of automatic tracing to manually traced and untraced versions of S3D. The results

are shown in Figure 5.6. Even on a single node, tracing has a noticeable performance

impact on the smaller problem sizes and affects the scalability of S3D. Legion with

automatic tracing achieves within 0.92x–1.03x of the performance of the manually

traced version, and between 0.98x–1.82x speedups over the untraced version. Manual

annotations can slightly outperform the automatically collected traces by leveraging

application knowledge to select traces that have lower replay overhead.

HTR HTR [23] is a production hypersonic aerothermodynamics application. HTR

performs multi-physics simulations of hypersonic flows at high enthalpies and Mach

numbers, such as for simulations of the reentry of spacecraft into the atmosphere.

Like S3D, we evaluate the performance of Legion with automatic tracing on HTR
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Figure 5.6: Weak scaling of S3D on Perlmutter. Legion with automatic tracing
(“auto”) performs competitively with hand-annotated traces.
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Figure 5.7: HTR-Solver (Perlmutter)

Figure 5.8: Weak scaling of HTR on Perlmutter. Legion with automatic tracing
(“auto”) performs competitively with hand-annotated traces.

on Perlmutter, and compare it against a manually traced version and an untraced

version. While HTR without tracing performs competitively to the traced version

at small GPU counts, Figure 5.7 shows that tracing is necessary for performance at

scale. Legion with automatic tracing achieves within 0.99x–1.01x of the performance

of the manually traced version, and between 0.96x–1.21x speedups over the untraced

version.

CFD CFD is a cuPyNumeric application that solves the Navier-Stokes equations

for 2D channel flow [9]. Unlike S3D and HTR, there is not a manually traced ver-

sion of CFD, due to the difficulties around composition discussed in Section 5.1.1.

Developing a manually traced implementation of CFD would require either rewriting
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Figure 5.9: Weak scaling of CFD on Eos, where Legion with automatic tracing
(“auto”) outperforms the untraced version.

the application to remove any dynamic region allocation, or manual examination of

allocator logs to find the number of iterations in the steady state. As a result, we

compare CFD with automatic tracing to the standard untraced version on different

problem sizes, which is the performance that cuPyNumeric users are able to achieve

today.

Figure 5.9 shows weak scaling results for CFD on Eos. These results are similar to

HTR, where leveraging tracing is necessary for performance at scale. On the smallest

problem size, even though the tracing removes a large amount of runtime overhead,

the tasks are too small to hide the communication latency at larger scales, leading

to the observed fall off in performance. On larger problems, CFD with automatic

tracing is able to maintain high performance while the untraced version falls off,

yielding between 0.92x–2.64x speedups.
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Figure 5.10: Weak scaling of TorchSWE on Eos, where Legion with automatic tracing
(“auto”) outperforms the untraced version.

TorchSWE TorchSWE is a cuPyNumeric port of the MPI-based TorchSWE [21]

shallow-water equation solver, and is the largest cuPyNumeric application developed

so far. Similarly to CFD, there is no manually traced version to compare to. However,

unlike CFD, performing a rewrite of TorchSWE to enable manual tracing would be

difficult, as TorchSWE contains an order of magnitude more lines of code. Weak

scaling results for TorchSWE on Eos are shown in Figure 5.10, which show that

TorchSWE is significantly impacted by Legion runtime overhead without tracing.

These results demonstrate that there does not exist a problem size for TorchSWE

on Eos that can hide Legion’s runtime overhead without tracing. Even the large prob-

lem size, which nearly reaches the GPU’s memory capacity, exposes Legion runtime

overhead at 8 GPUs. The reason for this is that TorchSWE maintains a large number

of fields for each simulated point, and issues different array operations on each field.
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The amount of data needed for each element in the simulation does not allow the task

granularity to be easily increased to the untraced Legion minimum of 1̃ms per task,

as each new element added increases the memory footprint more than it increases the

average task granularity. For such applications, leveraging tracing is a requirement,

and automatic tracing enables complex applications like TorchSWE to do so auto-

matically. TorchSWE itself contains enough task parallelism to hide communication

latencies, but needs tracing to first lower runtime overhead. With automatic tracing,

we are able to achieve between 0.91x–2.82x speedup on TorchSWE, achieving nearly

perfect scalability on 64 GPUs.

5.5.3 Strong-Scaling

We now move from scientific simulation codes to distributed deep neural network

training with FlexFlow [29, 51]. FlexFlow is a deep neural network framework that

searches for hybrid parallelization strategies for different layers of the network. We

perform a strong-scaling experiment with FlexFlow on Eos to train the largest (pilot1)

network from the CANDLE [1] initiative3. A strong-scaling study fixes the problem

size on a single processor, and increases the number of processors while keeping total

problem size constant. To strong scale the training, we fix the batch size for single

GPU, and then increases the number of GPUs available.

We compare the performance of FlexFlow with manual trace annotations, two

configurations of Legion (discussed next), and no tracing. As seen in Figure 5.11, as

FlexFlow scales up, the tasks become smaller and begin to expose Legion runtime

overhead without tracing, leading to slowdowns when scaling up. The two configura-

tions of Legion differ in the maximum trace length to be replayed (Legion’s history

buffer is the same, but recorded traces are broken into pieces of a given maximum

size). The first (auto-5000) is the standard configuration with no maximum, as used

in all other experiments, and the second (auto-200) has a maximum length of 200

tasks, which is similar to the length of the manually annotated trace. As FlexFlow

strong scales, the cost of Legion issuing the trace replay starts to become exposed

3Due to engineering limitations in FlexFlow at the time of experiment collection, the network
was parallelized only with data parallelism.
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Figure 5.11: Strong scaling of FlexFlow on Eos.
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as the execution time of the trace decreases, leading to shorter traces exposing less

latency, and thus performing better4. On 32 GPUs, the configuration of Legion with a

maximum trace length of 200 achieves between 0.97x the performance of the manually

traced FlexFlow, and achieves a 1.5x speedup over the untraced FlexFlow.

5.5.4 Overheads of Automatic Tracing

We now discuss the overheads that automatic tracing imposes over standard execution

with Legion. While we inherit the overheads of Legion’s existing tracing infrastruc-

ture [35] (the cost of memoizing traces), automatic tracing imposes two new sources

of overhead to measure: 1) the overhead on task launches and 2) the time taken until

a steady state is reached.

As discussed in Section 5.3, the automatic tracing analysis intercepts the appli-

cation’s task launches and performs some analysis work before forwarding the task

launches to Legion. This analysis work includes launching asynchronous token buffer

processing jobs and manipulating traversals of the trie data structures used for online

trace identification. To quantify this overhead, we ran a two node experiment on

Perlmutter and measured the time it took to launch (not analyze or execute) Legion

tasks with and without automatic tracing enabled. We ran a two node experiment to

ensure that the coordination logic discussed in Section 5.4.1 was included in timing.

We found that task launching took on average 7µs without automatic tracing, and

on average 12µs with automatic tracing. While automatic tracing increases the task

launch overhead, this overhead is still significantly lower than the amount of time it

takes to replay a task as part of a trace, which is 100µs. As such, the task launching

cost of automatic tracing can still be effectively hidden by the asynchronous run-

time architecture. The asynchronous analysis jobs that Legion launches to process

task histories do not affect the critical path, and utilize Legion’s background worker

threads. While in theory these jobs could compete for the resources necessary for

Legion’s dependence analysis, we have not yet encountered an application where they

caused a detriment in performance.

4The Legion team is aware of this shortcoming and plans to address it in the future. Part of the
work to reduce this overhead is discussed in Chapter 6.
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Figure 5.12: Warmup iterations before Legion with automatic tracing reaches a re-
playing steady state.

To measure the time taken until Legion with automatic tracing reaches a steady

state of replaying traces on our iterative applications, we report the number of itera-

tions until a steady state is reached. Figure 5.12 contains the iteration counts needed

for each application in Section 5.5.2 and Section 5.5.3, which range from 30 to 300.

These simulation and machine learning workloads would be run in production for a

significantly larger number of iterations, so speedup in the steady state corresponds

closely to end-to-end speedup. We note that the cuPyNumeric applications have a

larger number of required warmup iterations due to the dynamic behavior discussed

in Section 5.1.1, where a single application-level iteration of the program does not

necessarily correspond to a repeated sequence of tasks.

In terms of resource utilization, automatic requires a modest amount of CPU

memory to store the history buffer of tasks for analysis. Legion runs the asynchronous

string analysis (Section 5.3.2) on the existing pool of background worker threads. We

have not found these resource requirements to impact application performance or

memory utilization.

5.5.5 Trace Search

To give intuition about the search process that the automatic tracing analysis per-

forms, we constructed a visualization of the amount of runtime overhead that Legion

is removing over time. Figure 5.13 is a visualization of S3D over time (for 70 itera-

tions), where each for task launched by S3D, we display how many of the previous

5000 tasks were traced. For iterative computations, this procedure yields the expected

result, where Legion spends time during program startup discovering new traces, and
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Figure 5.13: Visualization of Legion finding traces in S3D.

then settles into a steady state. The amount of traced operations increases slightly

by the end of the execution, as Legion finds a better set of traces that lowers the

number of untraced operations.

5.6 Conclusion

Some sort of synthesis of this section and connections into the larger thesis and the

rest of the work.
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Chapter 7

Implementing a Legate Library

The previous chapters of this thesis described the architecture of the overall Legate

runtime system, and described several key program representations and optimization

strategies within Legate to enable the the composition of independent modules with

high performance. In this chapter, we move from the internals of Legate to focus

on the design and implementation of Legate Sparse [59], a prototypical Legate li-

brary. We describe how the architecture of Legate allows for the implementation of

Legate Sparse to be independent of the context in which Legate Sparse is used; even

individual operations within Legate Sparse are developed without consideration for

execution strategies in other parts of the library. We do not include direct evalua-

tion results for Legate Sparse in this section, as we used Legate Sparse to develop

benchmark applications that were evaluated and discussed in Chapters 3 and 4.

7.1 SciPy Sparse

SciPy Sparse [3, 52] is a sub-module of the SciPy Python library that provides a

high-level API for linear algebra operations over different types of sparse matrices.

SciPy Sparse supports several common sparse matrix formats, including the CSR

(compressed sparse rows), CSC (compressed sparse columns), DIA (diagonal) and

COO (coordinate) formats, and supports format conversions and data reorganization

operations between these formats. On these sparse matrices, SciPy Sparse supports

96
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a variety of basic mathematical operations, such as matrix-vector products, matrix-

matrix products and diagonal computations, as well as higher-level linear algebra

operations like iterative solves and eigenvalue computations. SciPy Sparse is directly

composable with NumPy, as many operations within the API natively accept and

return NumPy arrays. The standard implementation of SciPy implements the API

with a combination of calling out to C operations and utilizing existing NumPy

routines. Finally, the SciPy Sparse API has no notions of execution or distribution

strategies, meaning that all parallelism performed by Legate Sparse must be implicit.

7.2 Sparse Data Representation

The standard single-node representations of common sparse matrix formats store

metadata about the indices of non-zero matrix entries and their values in packs of

arrays. For example, the COO (coordinate) format stores three arrays, where the first

two arrays store the row coordinate and column coordinate of each non-zero entry of

the matrix, and the last array stores the value. The CSR (compressed sparse rows)

format further compresses the COO format by implicitly representing the rows that

contain non-zero entries: it maintains an array (often called pos or indptr) where the

column coordinates and values for row i are stored within range [pos[i], pos[i+1]) of

an array called crd. The CSC format is similar to CSR, but compresses the columns

instead of the rows.

We use Legate stores to extend these single-node representations into distributed

sparse matrix data structures by mapping each of the arrays used to represent sparse

matrices to stores. For instance, the row, column and value arrays in the COO format

are represented directly as stores in Legate Sparse. Formats such as CSR and CSC

are represented in a similar manner, but store the range of coordinates for a row

or column i in a tuple at pos[i], as depicted in Figure 7.1, which allow for tighter

interaction with Legate’s partitioning constraints (discussed more in Section 7.2.1).

Our decision to represent sparse matrices as a set of stores instead of a collection

of local sparse matrices per rank (as used by PETSc and Trilinos) has both benefits

and downsides. Using a set of stores aligns with the Legate programming model, and
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Figure 7.1: Legate Sparse’s CSR sparse matrix encoding.

careful choices of partitioning enables description of non-trivial communication pat-

terns. Additionally, this choice allows for inter-operation with other Legate libraries:

since sparse matrices are constructed from stores, users of Legate Sparse can directly

construct sparse matrices out of cuPyNumeric arrays, or extract and operate on the

arrays that back a sparse matrix. A downside of this decision is that the partitioned

pieces of the global sparse matrix passed to individual tasks are not valid sparse ma-

trices from the perspective of external libraries like cuSPARSE. As a result, we pay

a small performance penalty when reshaping these local pieces into formats accepted

by these libraries when we use them. Previously discussed experiments with Legate

Sparse (Chapters 3 and 4) show that this choice of sparse matrix representation has

low overhead while allowing for direct use with Legate and close alignment with SciPy

Sparse’s programming model.

7.2.1 Partitioning Constraint Interaction

The small variation from the standard representation of sparse matrices allows us to

directly employ Legate’s image constraints to relate partitions of the pos and crd

stores with one another. We also use images to relate partitions of the crd store with

referenced indices in dense vectors and matrices. For example, consider a distributed

SpMV (y = A ·x), where A is stored as CSR. Performing an SpMV requires accessing

the locations in x corresponding to the non-zero coordinates stored in A’s crd region.
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1 def spmv(self , A, x):
2 # Compute y = A @ x and return y.
3 y = cupynumeric.zeros(A.shape [0])
4 task = ctx.create_task(ROW_SPLIT_SPMV)
5 # Add all regions to the task.
6 task.add_output(y)
7 task.add_input(A.pos , A.crd , A.vals , x)
8 # Describe partitioning constraints.
9 task.add_alignment_constraint(y, A.pos)

10 task.add_image_constraint(A.pos , [A.crd , A.vals])
11 task.add_image_constraint(A.crd , x)
12 task.execute ()
13 return y

Figure 7.2: Python implementation of a row-based distributed CSR SpMV (adapted
from DISTAL generated code).

We use an image from the partition of A’s crd region to compute the referenced

locations of x. Images allow for the co-partitioning of the regions used to define

sparse data structures, and to implement MPI-like scatter/gather operations in a

high-level manner.

A concrete example of a task implementation using the Legate constraint interface

is shown in Figure 7.2, which implements a row-based distributed sparse matrix-vector

multiplication (SpMV). Upon execution of the task launching code in Figure 7.2,

the task object contains the following partitioning constraints: equals(y, pos),

image(pos, crd), image(pos, vals), and image(crd, x). The constraints require

y and pos to be partitioned in the same way, as each element of y and pos correspond

to a row of the matrix A. Then, an image relates pos with crd and vals, as the range

of coordinates and values stored for each row is represented by pos. Finally, the

coordinates of x that each row of A will gather from are stored in crd; this means

another image is required to link crd and x.

When Legate solves these constraints, it realizes that the choices of partitions for

y and pos are independent, while the partitions for crd, vals and x are dependent on

choices for partitions for other regions. Then, Legate examines the existing partitions

for y and pos and selects the existing partitions if they are aligned. Otherwise, it

selects an existing partition that keeps the sparse matrix in place. Once these initial

partitions have been selected, Legate invokes Legion’s image operation to construct

partitions of crd, vals and x to satisfy the remaining constraints.

This implementation of SpMV in Legate Sparse has several attractive properties.
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First, it does not require a specific data partitioning stored within Legate Sparse;

an arbitrary partitioning of A may be used, perhaps created by a graph partitioning

framework before the invocation of SpMV, and the implementation will adapt to

the existing distributed layout. Next, the implementation does not contain explicit

communication that assumes distributed data layouts for the input or output vectors,

allowing for data movement required at the library boundary with cuPyNumeric to

be implicitly discovered by Legate. Legate can discover the required communication,

and dispatch to the correct APIs for inter-node and intra-node data movement, along

with discovering the communication partners required for the sparse communication

of x.

7.3 Library Kernel Implementation

Having described the abstractions with which distributed operations are defined in

Legate Sparse, we now discuss our process for implementing the SciPy Sparse API.

Our prototype supports the COO, CSR, CSC and DIA sparse matrix formats, and

of the estimated 492 functions in SciPy Sparse, our prototype implements 176 (35%)

functions; 14 were implemented by using the DISTAL compiler, 156 were ported

from existing SciPy or CuPy implementations, and 6 had to be handwritten. In this

section, we discuss these three cases, as well as the portions of the API that we have

not yet implemented.

Since the original development of Legate Sparse in 2022-2023, it has transitioned

into a engineering-maintained project at NVIDIA. Subsets of the implementation have

been adapted to support requested optimizations, removed to control the exposed

library surface area, or new components have been added based on customer feedback.

We discuss here the status of the original prototype of Legate Sparse.



CHAPTER 7. IMPLEMENTING A LEGATE LIBRARY 101

7.3.1 Generating Kernels with DISTAL

We used the DISTAL [55, 56] compiler (work done in PhD that is not part of this

thesis) to generate implementations for components of the SciPy Sparse API that per-

form tensor algebraic computations. These functions are performance critical (such as

SpMV or SpMM), and require custom code tailored to the specific operation, sparse

matrix formats and target hardware. This custom code is tedious and difficult to

write; despite DISTAL being used to generate implementations of only 14 functions

in the SciPy Sparse API, the generated code accounts for 46% of the total C++ and

CUDA in (2854/6135 LOC) and 12% of the total Python in Legate Sparse (697/5748

LOC). By generating this performance sensitive code, we enhance the maintainability

of Legate Sparse, and allowed developer time to be spent elsewhere when optimizing

the library. We first give an overview of DISTAL, and then describe how it was used

to generate code for Legate Sparse.

DISTAL compiles a tensor algebra domain specific language (DSL) into C++ code

that directly targets the Legion runtime. DISTAL allows for the separate specifica-

tion of 1) desired tensor computation, 2) sparse data format of each operand, 3) the

distributed algorithm to use, and 4) the data distribution of the operands. This flex-

ibility allows for the high level description of many kernels of interest within SciPy

Sparse. Since Legate’s constraint solver already considers the existing data distri-

butions of regions, so we only use the first 3 input languages of DISTAL. DISTAL

generates code directly targeting the Legion API, so we perform slight manual modi-

fications to the generated code to target our higher-level abstractions; these changes

could be automated (in the modern day with a LLM coding assistant), but we have

not found the manual work to be burdensome for developing our prototype.

DISTAL code to generate a distributed and multi-threaded CPU SpMV is found

in Figure 7.3, the generated C++ task body is found in Figure 7.4, and the constraint

based task launching code in Figure 7.2 is the result of adapting DISTAL-generated

C++ task launching code. The DISTAL C++ code declares some runtime param-

eters, initializes the tensor operands, describes the desired computation, and then

schedules the computation for the target machine. The algorithm specified by the

scheduling language distributes the rows of the matrix across all processors, and then



CHAPTER 7. IMPLEMENTING A LEGATE LIBRARY 102

1 // Runtime parameters: input sizes and processors.
2 Param n, m, procs;
3 // Define the tensor operators.
4 Tensor <double > y({n}, {Dense}), x({m}, {Dense });
5 Tensor <double > A({n, m}, {Dense , Compressed });
6 // Describe the desired computation.
7 IndexVar i, j, io , ii;
8 y(i) = A(i, j) * x(j);
9 // Schedule the computation.

10 DISTAL :: compile(y.schedule ()
11 .divide(i, io, ii, procs)
12 .distribute(io)
13 .communicate(io, {y, A, x})
14 .parallelize(ii, CPUThread));

Figure 7.3: Distributed, multi-threaded CSR SpMV in DISTAL.

1 void CSRSpMVTask(vector <Store > stores) {
2 auto y = stores [0];
3 auto pos = stores [1];
4 auto crd = stores [2];
5 auto vals = stores [3];
6 auto x = stores [4];
7 #pragma omp parallel for
8 for (int i = y.bounds.lo; i <= y.bounds.hi; i++) {
9 auto val = 0.0;

10 for (int jA = pos[i].lo; jA <= pos[i].hi; jA++) {
11 val += vals[jA] * x[crd[jA]];
12 }
13 y[i] = val;
14 }
15 }

Figure 7.4: DISTAL-generated C++ task for row-based, multi-threaded CSR SpMV,
with minor modifications.

parallelizes execution across the rows between CPU threads. To achieve peak per-

formance on GPUs, we hand-modified the DISTAL-generated CUDA code to make

calls into cuSPARSE when applicable. In our experience, this aspect was the most

error prone step in developing the sparse linear algebra kernel implementations and

could be made easier in the future with better compiler support for external library

interaction, such as in the Mosaic system [6].

7.3.2 Porting SciPy and CuPy Implementations

The largest subset (156/176 functions) of our implementation of SciPy Sparse was

done by porting existing implementations of the API in SciPy and CuPy. While

developing Legate Sparse, we found that many functions in SciPy Sparse were imple-

mented using parallel NumPy operations and previously defined SciPy Sparse kernels.
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By leveraging the composability that the Legate ecosystem offers, we were able boot-

strap our library with itself and cuPyNumeric to obtain distributed and accelerated

implementations of these functions without any distributed programming.

The classes of functions that we were able to directly port varied in complexity.

The simplest of these functions were non-zero preserving, element-wise, unary oper-

ations on sparse matrices that are implemented by using the corresponding NumPy

operation on the array storing the values of the sparse matrix. Some more compli-

cated ported functions include computing sums across different axes of sparse ma-

trices, and format conversions between sparse matrix formats. The most complex

operations that we directly ported to Legate Sparse were higher-level operations such

as solves and integrations. We ported several iterative linear solvers (CG, CGS,

BiCG, BiCGSTAB, GMRES), Runge-Kutta integration and eigensolvers from SciPy

and CuPy implementations to distributed implementations using Legate Sparse and

cuPyNumeric.

7.3.3 Hand-Written Implementations

7.3.4 Unimplemented Components

1. Give an overview for legate library implementation (decomposing computations

etc). Unless this is already done earlier in the thesis.

2. Talk about the kinds of kernels in Legate Sparse

3. Talk about using DISTAL to generate kernels. (it’s unclear how much detail i

should go into DISTAL to begin with, as it seems to be diverging in a tangent

from the rest of the thesis.

4. Talk about translating library functions from scipy and cupy as-is, which is a

testatement to the rest of this software stack doing what it is supposed to.
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Related Work

Just thinking here, the order is not quite fixed.

1. Composition in the shared-memory world

• Weld, Fern, Manya’s latest paper

• Jack Dennis’s old work around composable dataflow machines.

• This thread scheduling paper in multi-process/multi-runtimes thing in my

stack

2. Distributed libraries for machine learning (jax, pytorch)

3. Similar libraries like DaCe that take more static approaches

4. Alternative recent ”Python at scale” systems

• Dask, Ray (focus on runtime system gaurantees)

• Arkouda (chapel numpy), and maybe more.

5. Other kinds of old compilation work that tried to analyze code to plan distri-

bution.

• Thinking about work like Saman’s.

6. Alternate task-based runtime systems, and how those might fit in

104
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• StarPU, ParSEC, Ray etc. Can talk about why these systems wouldn’t

actually work for what we want

7. Actor programming models for contrast with the actor-task work.

8. New networking technology, how that might change how runtime systems work,

like NVL72/NVL SHARP.

9. Just-In-Time compilers, and how our work relates to that.

10. String processing algorithms, as discussed in the apophenia work

11. Other components in the Legion world that are important for this work?

• Static constraint-based parallelism

• Regent optimizations, SCR, DCR

• Tracing?
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